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Linear Quantum Feedback Networks

J.E. Gough R. Gohm M. Yanagisawa
(Dated: June 9, 2009)

The mathematical theory of quantum feedback networks has recently been developed [5] for

general open quantum dynamical systems interacting with bosonic input fields.

In this article

we show, for the special case of linear dynamical Markovian systems with instantaneous feedback
connections, that the transfer functions can be deduced and agree with the algebraic rules obtained
in the nonlinear case. Using these rules, we derive the transfer functions for linear quantum systems
in series, in cascade, and in feedback arrangements mediated by beam splitter devices.

PACS numbers:

I. INTRODUCTION

The aim of this paper is to deduce the algebraic rules
for determining the dynamical characteristics of a pre-
scribed network comnsisting of specified quantum oscil-
lator systems connected by input-output fields [1], [2].
Physical models include cavity systems or local quantum
oscillators with a quantum optical field. The resulting
dynamics is linear, and the analysis is carried out using
transfer function techniques [3], [4]. The rules have been
recently deduced in [5] in the general setting for nonlinear
quantum dynamical systems by first constructing a net-
work Hamiltonian and transferring to the interaction pic-
ture with respect to the free flow of the fields around the
network channels. However it is of interest to restrict to
linear systems for two main reasons. Firstly, the deriva-
tion here for linear systems proceeds by an alternative
method to the general nonlinear case, and we are able to
confirm the restriction of the nonlinear formula to linear
systems yields the same result. Secondly, linear systems
are the most tractable and, therefore, most widely stud-
ied models in classical control theory and so it is natural
to develop these further. There has been recent interest
in the development of coherent, or fully quantum control
for linear systems [6]-[10] and this paper contributes by
establishing the algebraic rules for building networks of
such devices.

II. LINEAR QUANTUM MARKOV MODELS

The dynamical evolution of a quantum system is deter-
mined by a family of unitaries {V (¢, s) : ¢ > s} satisfying
the propagation law V' (t3,t2) V (t2,t1) = V (t3,%1) where
ts >ty > t1. The evolution of a state from time s to a
later time ¢ being then given by ¢ (t) =V (¢,s) ¢ (s). Ina
Markov model we factor the underlying Hilbert space as
h®E representing the system and its environment respec-
tively and the unitary V (¢, s) couples the system specifi-
cally with the degrees of freedom of the environment act-
ing between times s and t. For a bosonic environment,

we introduce input processes b; (t) for ¢ = 1,--- ,n with
the canonical commutation relations, [1],
(b1 (1) 0] ()] = 66 (= 9). (1)

It is convenient to assemble these into the following col-
umn vectors of length n

by (t)
b™ (t) = : : (2)
by, (t)

For a Markov evolution V (¢,s) can be described equiv-
alently by the chronological-ordered and Wick-ordered
expressions

¢ ¢
fexp —i/ Y (r)dr =:exp —i/ Ywick (7)dT :

where the stochastic Hamiltonian is (with E;[j = Fj; and
K’ =K)

T(t) = Z Eyj @bl (£)b; (1)

+Y Feblt)+Y Flobt)+Kal,
i=1 j=1

and the Wick-ordered generator is given by [13]

n

—iTwick () = Y _ (Sij — 0ij) ® b} (t) bj (t)

i,j=1
+> Li@bl(t)— Y LIS; @b, (1)
i=1 i,j=1

1 n
—(§ZL3LZ- +iH)®1.
i=1
The Wick-ordered coeflicients are given by the
Stratonovich-Ito conversion formulae, see appendix,

1-1iE o1
S = - L=—i——F,
1+ 1E 1+ 1E
1
H = K+ -ImF — 3
2 " THiE ®)

Note that H is selfadjoint, and that S is a unitary matrix
whose entries are operators on bh: 22:1 SiijTk =0 =



S, SISk, In fact, we may write S = e~/ with J =

2arctan —. In the following, we shall omit the tensor

product symbol and write simply X for any operator of
the form X ®1 acting trivially on the environment space.

In differential form we have (summation over repeated
indices)

d

= b} (t) (i —

—1: TWick (t) V (t, S) .

i)V (t,8) by (t) + bl (£) LV (t, )
1

LISV (ts) by (1) — <

2LjLi - ZH> V(t,s).

Note that all the creators appear on the left and all anni-
hilators on the right. This equation can be interpreted as
a quantum stochastic differential equation [1], [11], [12].

We sketch the system plus field as a two port device
having an input and an output port.

system

output, bout input, b

O @

Figure 1: input-output component

The output fields are defined by " (f) =
V (t,0)"b; () V (£,0) and we have the input-output re-
lation, see appendix for the derivation in the Hudson-
Parthasarathy calculus [11],

bout Z Szy (t) 7

where Szy( ) = \%4 (t,
V (t,0)" LV (¢,0).
S (b (1) + L (1).

Let X be a fixed operator of the system and set
X (t,t)) = V(t,to)" XV (t,to), then we obtain the
Heisenberg-Langevin equation (summation convention)

0)' S,V (t,0) and L;(t) =

More compactly, bt (%)

iX (t,to) =V (fﬂfo)Jr

1
dt ;[X’T(t)]V(LtO)

= b (O)V (t,to)' (SLXSks — 05X V (1, 10) by (1)
OV (t,t0)" ST, [X, L] V (¢, to)

o) [LL, X183,V (t,t0) by (t)

o) {L(X) —i[X, H]}V (t,to)

+b

)

(
+V (t,t
+V (t,t
where £ (X) = 3LL[X, Ly + L[L], X]Ly. (Again, see
appendix for the derivation in the Hudson-Parthasarathy
calculus.) Note that the final term does not involve the
input noises, and that the expression in braces is a Lind-
bladian. In the special case where S = 1, this equation
reduces to the class of Heisenberg-Langevin equations in-

troduced by Gardiner [1].

A. Linear Models

We consider a quantum mechanical system consisting

of a family of harmonic oscillators {a; :j=1,--- ,m}
with canonical commutation relations [aj,ar] = 0 =
{a},au and {aj,au = d;5. We collect into column vec-
tors:
ay
a= : . (4)
Am

Our interest is in the general linear open dynamical
system and this corresponds to the following situation:

1) The Sjj are scalars.

2) The Ls are linear, i.e., there exist constants c;p

such that L; = Y~ ¢jrar.

3) H is quadratic, ie there exist constants w;j, such

that H =) wjkak

ik %5
The complex damping is %LTL +iH = —af Aa where
= —3CTC — i with C = (¢j) and Q = (w;jx). Note

that Q = Qf because H is selfadjoint, hence f%C’TC <0

is the real part of A.

Lemma 1: The spectrum spec(A) of A is contained
in the closed left half plane. If C' is invertible then the
spectrum of A is contained in the open left half plane (we
call this the stable case).

Proof: By the Bendixson-Hirsch theorem (see Prob-
lem 214 in [14])

spec(A) C W(Re(A)) +i W (Im(A)),

where W (-) denotes the numerical range of an operator.
In our case Re(A) is non-positive (strictly negative if C
is invertible) and the result follows.

The Heisenberg-Langevin equations for a(t) =
V (¢,0)aV (t,0) and input-output relations then simplify
down to

a(t) = Aa(t)— C'Sb(t), (5)
b (t) = Sb(t)+ Cal(t). (6)

These linear equations are amenable to Laplace trans-
form techniques [3],[4]. We define for Res > 0

C (s) = /0 Teto (t) dt, (7)

whereA C is now any of our stochastic processes. Note
that a(s) = sa (s) —a. We find that
a(s) = — (sl —A)~ ' CTSB™ () + (sI,, — A) " a,

b (5) = Sb™ (s) + Cal(s).



The operator & (s) can be eliminated entirely to give
b (s) =2 (s)b™ (s) + & (s)a (®)
where the transfer matriz function is
2(s)=8—C(sl, —A) " Cls (9)
and € (s) = C (s, — A)~".

As an example, consider a single mode cavity coupling
to the input field via L = ,/ya, and with Hamiltonian
H = wa'a. This implies A = —(1 + iw) and C =7
If the output picks up an additional phase S = e, the
corresponding transfer function is then computed to be

i¢5+iw*
= e _—

10
S+ iw + ( )

Ecavity (S)

N2 (M2

B. The Transfer Matrix Function

The models we consider are therefore determined com-
pletely by the matrices (S,C,Q) with § € C**" C €
C™ ™ and Q € C™*™. We shall use the convention

[%%] (s) = D+ C(s—A)""'B for matrices A €

Cmxm B e Cm " C e C"™™ and D € C"*", and write
the transfer matrix function as

[1]

A|-CtS
0= [2FEs] . (11)
where A = —%C’TC’ — i£). We note the decomposition
E= [In — C (sl —A)”OT} S = [

Al-Ct
A=

In the simplest case of a single cavity mode we have

ey () = [ A (),

Lemma 2: For each w € R, the transfer function
E (iw) = Z (0" + iw) is unitary whenever it exists.

Proof: The decomposition follows immediately from
(11). We have then for instance = (0+ + iw) = (0% + iw)'
equal to

1 1
I = Cim——= O |1 - O, CF
3CTC +iqy ] [ 3CiC —iqy
1 1
=1-C X ol
sCIC+iQu™ 0 —i ™’

where ) = Q 4+ w and

X = %CTC +iQ + %CTC —iQ —Ccfo=o.

3

The relation = (0% + iw) Z (0F + iw)' = I is similarly es-
tablished. W

Lemma 3: If A is a function of CTC then

- s+ Af
E(s) = =S,
5 _

where A is a function of CCT and Z may be analytically
continued into the whole complex plane.

Proof: Here we must have A = —%CTC — i€ (CTC)
where ¢ is a real-valued function. We set A =
f%C’CT — i€ (CCT). From the identity Cf (CTC) Cct =
f (C’CT) CC1 for suitable analytic functions f, we have

E(s) = [I— SEACCT} S and so

(S—A)E(s) = (S—A—CCT)SE<S+AT)S.

The hermitean matrices CTC' and CCT will have the
same set of eigenvalues: to see this, suppose that ¢ is a
non-zero unit eigenvector of CCT with eigenvalue +, then
=y~ /2CT ¢ is a unit eigenvector of CTC with the same
eigenvalue, conversely, every eigenvector ¢ of CTC with
non-zero eigenvalue 7y gives rise to a nonzero eigenvector
¢ =~"Y2Cy of CCHT.

Let CCT have the spectral form > VeEr with real
eigenvalues v, and corresponding eigen-projectors Fj,
giving a resolution of identity >, Ex = 1, then we have

1 .
S — SVt
2= T2 T P,
. S§+ 57k T 1€k

where e, = £ (7). In particular, the rational fraction
is of modulus unity for imaginary s (= iw) and we may
write

= (0+ + iw) = Z PCN HNS

k
where ¢y, (w) = arg % Note that Z (0% + iw)
is clearly unitary and the limit w — 0 is well-defined.
This limit will equal —S in the special case that A is
selfadjoint (i.e., ¢ = 0). Z may be analytically continued
into the negative-real part of the complex plane. The
poles of = then form the resolvent set of A, and the zeroes
are obtained by reflection about the imaginary axis.

C. Gauge Invariance

We have not considered the most general form of linear
model here. Let T be a unitary m X m matrix and con-
sider the transformation a’ = T'a defining new canonical
operators. We find that L = C’a’, H = a’fQ)’a’ where



C' = CT' and ¥ = TQTT. The equations are covariant
under these transformations and we have the equivalence

A|-CtS| _ [TAT!|-TCTS
cl 5] | CTf S

If we have however, L; = >, cija; + ), dija; and/or
H = Zij(wijazaj +e55a:a; +5ijaza;) we then generate a
linear (now in terms of both the creator and annihilator
operators), but non gauge invariant dynamics. This is of
importance in discussing issues such as squeezing, but we

will not pursue this in this paper.

III. INTRODUCING CONNECTIONS

The situation depicted in the figure below is one where
(some of) the output channels are fed back into the sys-
tem as an input. Prior to the connection between output
port(s) s; and input port(s) r; being made, we may model

. in
the component as having the total input b'™ = ( Eli“ )
e
"
be
may be multi-dimensional noises (we in fact only require
the multiplicities to agree for j = i, e respectively).

and total output b°ut = ( ) where the b}“ and byt

oS Tio
— 0O Se TeO<

figure 2: A quantum system with feedback
The transfer matrix function takes the general form

A|-55Cl8 — 30 S
E= |0 S
Ce

i ie

Sei See

When we make the connection, we impose the various
constraints birf‘( g (6) = bg‘é;) (t — 7) where output field la-
belled s; (j) is to be connected to the input field r; (k)
where 7 > 0 is the time delay. We assume the idealized
situation of instantaneous feedback 7 — 0. To avoid
having to match up the labels of the internal channels,
it is more convenient to introduce a fixed labelling and
write

b (1) = bl (1)
where 7 is the adjacency matrix:

| 1, if (s,r) is an internal channel,
Nsr = 0, otherwise.

The model with connections is then a reduction of the
original and the remaining external fields are the inputs
b™ and the outputs bg"".

Theorem 1: Let (n — S;) be invertible. The feedback
system described above has input-output relation bg"t =
Zredb® + &eqa and the reduced transfer matrix function

= = Ared _CrTedSred _ 1
—red = |:Crcd Srcd ) gred = Cred 5 — Ared )
where
Sred = See + Sei (7 — Sii)_1 Sies
Crea = Sei(n—Si) "' Ci + Cs,
Ared = A— ZCJTSJ. (W—Sii)_l C,. (12)

j=i,e
Proof: The dynamical equations can be written as
a(t) = Aa(t)— Y ClSyby (1),
Jrk

> Sibi (1) + Cia (t) .

k=i,e

b (1)

Now the constraint nb!" = b¢"* implies that

bl (t) = (n — Si) ™" (bl (t) + Cia (1)),

and so
at) = [A=>_ClSi(m— S Cla(t)
j=ie
=300 (St Si(n— 507 Se) bt (1)
j=ie
or
. —1 t 1 B
a(s) = mj;:eq Sje-i-SjimSie e (s)
— a
5§ — Ared ’

with A,eq as above. Consequently,
bt = Sgbi" + Seeb™ + C.a
- Srchien + C’rcdéi

— [Lin
= :'redbe +€reda

where
Ered = Stea— »_C, O (St S S)
re re = re S_Ared ] Jje Jln_Sii e/
1
red — Crc i
€red ST AL

and Sped, Crea are as in the statement of the theorem.



We now show that >
CredSTed' Now

Z CjT [Sie + Sji (n — Si) ' Sie]

[Sje + Sji (n = i)~ Sie} =

j=ie

j=i,e
= CT [Sie + Sii (7 — Si) " Sie] + CISrea
= CT (77 SII) ! Sie +CgSreda

while CT_Syea = C (9

ever,

(WT_SiTi)flsiTeSrcd =

— 81)7181 Speq + Cf Srea. How-

(' —S1) 7L (SeetSei (7 — Si) ' See)

and using the identities SiTiSii+S;riSei =1, SiTiSieJrSLSee =
0, this reduces to

(WT - Si];)_ISiLSTEd

(' —shH! {—S;Tasie +(1—S1Si) (n
(" = SH7" |=st (- s+ (1
n(n—Si)”" S

— 87! Sie:|
1

Sie

— s Sii)}

1

= _ T
Therefore Zpoq = Sred — Zj:i’e Credﬁqedsred, as
— Ared

required.
For consistency, we should check that we have A..q =
10T [ Crea —iQeq with Q,eq selfadjoint. Indeed, setting

—%CiTCi — %C;LCQ — i) and substituting in for Cieq
and Ayeq we find after some algebra that

Qea = @+ {Clsi (- 5)7 i}
‘*‘Im{CeTSei (n_Sii)_lci}-

The manipulation for this is trivial except for the calcu-
lation of the term of the form %C:[X C; where

X

1428 (n—Si) ™" — (nf
(1—nsH™" {SWT - USH (1 Sin")

15"2:771 = 2i1m{5ii (n— Sii)il}

— S 1SESe (n—Si) 7
-1

= 2¢Im

where again we use the identity SiTiSii + S;riSe; =1. 1

In terms of the parameters (S,L,H) with S =

Si S L; Cia
i ie _ i _ i _ of
(Sei See>’L_(Le>_<Cea) and H = a'Qa,

we have that the feedback system is described by the
reduced parameters (Syed, Lred, Hred) Where

Sred - See + Sei (77 — Sii)il Sie
Leea = Sei(n—Si)~' Li + Le,
Hieq = HJFIIH{L?S“ (U*Sii)il Li}

—|—Im{LlSe; (77—5;;)_1 Li} . (13)

The same equations have been deduced in the nonlin-
ear case by different arguments [5]. Note the identity

[m {LiTSii (n— Sii)71 Li} =1Im {L.T (n— Sii)il Li}.

Let U be a unitary operator on a fixed Hilbert space

H = H1 D H2 which decomposes as U = Un U .
Ua1 Uz

2—1

The non-commutative Mobius transform 7" is the su-

peroperator. defined by
o (X) =

defined on the domaln of operators X on ) for which the
inverse (1 — XUss) " exists. The transform %! maps
unitaries on $)o in its domain to unitaries in £, [17].

In particular, S,eq is unitary as it equals goHe (&) where
¢ = n~! with n being unitary. We may expand the geo-

metric series to write

Un+ Ui (1 - XU22)71 XUz

Sred = See + Z Seif (Sng)n S

n=0

which shows that S,q can be built up from contributions
from the various paths through the network. Likewise

Lica = Le+ Z Sei§ (Sllf)n L

n=0
Hyeq = H+Zhn{ (8i€)" L1}
n=0
+ Y Im {LLSa (Si€)" Li} -

IV. SYSTEMS IN SERIES

As a very special case of feedback connections we con-
sider the situation of systems in series. This is referred
to as feedforward in engineering.

S22 T2 S1 T

figure 3: Cascaded systems

The individual transfer functions before the connection

|_ctg.
e = (s1,72) is made are given by Z; = 4| ~CiSi with
Ci Si
A; = CTC iQ2;.and these may be concatenated to
give
A+ Ao =S —CiSs

E= Cl Sl 0
Oy 0 So



To use the formula for the reduced transfer function
following connection, we must first of all identify the in-
ternal (eliminated) and external fields: here

n blm B b12n out b?‘lt _ b(laut
b <b1en><b11n>vb (bgut == bgut )

and
Si Sey_ [0 S L _
(Se; See):<52 0)’ Li= Ly, Le = Lo,

with trivially 7 = 1. The reduced transfer function is
then readily computed to be

—_

—~ : =
—series

Ay + Ay — cgszcl\f (CQTSQ + C{) S
CQ + SQCl ‘ 5251

Likewise we deduce the relations

S = 858, L = Lo+SsLy, H = Hy+Hs+Im {L;SQLl} .

(14)
The same equations have been deduced in the nonlinear
case by different arguments [6].

A. Feedforward: Cascades

If the two systems are truly distinct systems, that is,
if they are different sets of oscillators, then we are in the
situation of properly cascaded systems [16]. In this case
one would expect that the transfer function to factor as
the ordinary matrix product Zgeries = Zo=1. We now
show that this is indeed the case.

Lemma: Let Z; be transfer functions for m; oscilla-
tors coupled to n fields (j = 1,2). If we consider the
ampliated transfer functions for m + ms oscillators cou-
pled to n fields

i [ (410 —cis )]
El = 00 0 )
| (C1,0) S1 ]
) [ /0 0 0 1
Zy = 0 Ay —C1Sy )|,
(0702) S2 J
then
éscrics = EQEl- (15)

Proof: We compute this directly,

- | (e, )| (C5h,)
Escrics = _055201 _AZ *C;[SQSl
(C1,Cs) ‘ 5254

5,8 _(01702)( s—A 0 ) 1( cis >
201 CIS:Cy s — Ay —CI858, )7

with the inverse matrix equal to

1
SiAi I 1 ! 1
_5—A2 025201 5—A1 S—A2

and expanding out gives the result

11 [Sa —Ca(s—Aa)™" O(‘;Sa] .

a=1,2

= . —
—series —

V. BEAM SPLITTERS

A simple beam splitter is a device performing physical
superposition of two input fields. It is described by a

fixed unitary operator T' = ( Z ” > eU(2):

b\ _ (o B (b
bg" ] T\ p v bir /-

This is a canonical transformation and the output fields
satisfy the same canonical commutation relations as the
inputs. The action of the beam splitter is depicted in
the figure below. On the left we have a traditional view
of the two inputs being split into two output fields. On
the right we have our view of the beam splitter as be-
ing a component with two input ports and two output
ports: we have sketched some internal detail to empha-
size the scattering (superimposing) of inputs however we
shall usually just draw this as a “black box” component
in the following.

out
b2

by’ I

in
2

Figure 4: Beam-splitter component.

____________

To emphasize that the beam splitter is an input-output
device of exactly the form we have been considering up
to now, let us state that its transfer matrix function is

- 0]0
Zbeam splitter — |:O T:| =T.

Our aim is to describe the effective Markov model for
the feedback device sketched below where the feedback
is implemented by means of a beam splitter. Here we
have a component system, called the plant, in-loop and
we assume that it is described by the transfer function

= _ [Ad]-Cs0
=0 CO S .



pgut
bi® % bgut
plant
b o o

Figure 5: Feedback using a beam-splitter.

It is more convenient to view this as the network
sketched below.

plant

o073 830

052720
beam splitter

1 0S1T1I0J——

out in
bl bl

Figure 6: Network representation.

Here we have the pair of internal edges (s2,73) and
(s3,72). The transfer function for the network is

Aolo 0 —ClS,
0 |T11 T2 0
0 |T21 T22 0O
Col0 0 Sy

—_
—
—unconn. —

with respect to the labels (0, s1, s2, s3) for the rows and
(0,71,72,73) for the columns. This time the external
fields are bi* = bi?, bout = bgut = Ty, bl + Ty,bi} while
the (matched) internal fields are

pin = () ot (BS) Z (Db + Dbl
i bgl s M bgut - Sobgn —|—L0 .

That is

Substituting into our reduction formula we obtain

—1
—T 1 T:
T+ (T12,0) < 122 —50> < 81>

= Ti 4 Tiza (1 — SoTas) ™" SoTo1,
—T5 1

C = (T12,0)( 1 —So>_l<000>

= T2 (1— SoTzz)_l Co,

1
T 1 0
QO = QQ -+ Im (O?C(J)r) ( 122 _SO ) ( CO >

= QO + ImC’g (1 - S()ng)il Co.

S

and so, when the connections are made, the transfer ma-
trix function is

Ao — C 8 Ta2Co | —Cl SoTa1 — CF So =g T2
‘Tn + T12m50T21

b

T
T2 15,75, Co

Note that S = 271 (Sp) where %71 (2) = Tiy +
Ti2f (271 — Th2) To1 is the Mébius transformation in the
complex plane associated with T

If we further set T' = ( IO: g ), and z 41y = Sov, then

2

g

T — T — T

cto ‘1_50,/ CiCo = g p CiCo

1—x%—y?
=— Y cic,

(1—2)"+y
_ 1

Ing (1—50V) 100:Im{1x2y}0300
(1—a)* 92 "

In particular, if we take a single oscillator in-loop with
Sy = €%, then we obtain S = e* and the phase is
determined by the Md&bius transformation. If we further
have Ly = \/Yoa, Hy = woa'a, we find that L = e, /7a
and H = wa'a where

1— 2% — g2 y
YT=——= S0, W=-——5 _Wo,

(1—2)"+y? (1—2)"+y?
and ¢ is a real phase. In the specific case T' = ( g —ﬂa )
with Sg = 1l,wg = 0 considered by Yanagisawa and
Kimura [3], we have x = —a and y = 0, therefore we
find

1l—«a
= = O
Y 1+ a’YOv w

which agrees with their findings.

An alternative computation of = is given by the fol-
lowing argument. We consider the input-output relations

fout __ in Lin _ — fout
by = E Tiiby, by = Eobi™ + &oao,

7j=1,2



and eliminating bg™ = (1 — T5,=) " |:T21Bi1n + T22foao}
yields

bt = [Tu + T12Z0 (1 — T22Z0) " T21} b
+T31 (1 = ZoTha) ™ &oap.
That is

E=Tn+Ti (5" - T22)_1 To1 = o7 (o).

We remark that if 775 and T5; are invertible, then we
may invert the Mobius transformation to get

Eot =Too + Ty Tho.

=11

To illustrate with a cavity mode in-loop, we take the

beam splitter matrix to be T = (a ﬂa) with a? +

B
(% = 1, and the transfer function Zg (s) = %,
then we find
- a+E _s+iw—ﬁ—g%
T l+aE)  stiw+ 1723

VI. THE REDHEFFER STAR PRODUCT

An important feedback arrangement is shown in the
figure below.

A
biln —10 T S1 o—t— bcl)Ut
oT2 520
bc3)ut — b12n bcg)ut — bgn
0% T30
biut —0% T4 Oed— biln
B

Figure 7: Composite System

We shall now derive the matrices for this system taking

. sA g4 cA
component A to be described ( o2 ) , ( L ) , Q4
5 oon A 551 S35 Cs

S33 Say Cs

aundey(Sf3 Sﬁ)’ (Cf

systems A are assumed to commute with those of B. We
have two internal channels to eliminate which we can do

) , Qp. The operators of

in sequence, or simultaneously. We shall do the latter.
here we have

(S o (5% 0
See = < 0 Sy > St = 0 S

(S8 0 (S5 0
Sie - < 0 Si 7Sii* 0 Sgg

(g s (01
Le(Lff>’ Li<L§ > "= 1o0)

The parameters are therefore

(40
S*‘(o Sﬁ)

(St 0N (=S 1 T (sh o
0 SE 1 -SB 0 S§ )

L= (E (8 ) (3 %) ()
* Lf 0 S§ 1 —SE LY
That is,

Sonr = S{i+ 585 (1 - Shsh) " s,

Si1a = Sih (1—S§4§S§%)_1 S3.

Soar = S5 (1-s4sE) " si,

Seas = Sua+ S5 (1-S458) 7" S458.

While letting a4 and ap be the modes in systems A and
B respectively,

Loa = {Cf+ 5155 (1- 5SE) " Cf faa
+5% (1 — S558) " CPag,
La = SB(1-5458)"" Ciaa
+{CF + 5555 (1 - 555) " ¢F Lan,

and

H, = a:fq (QA —}—AA)aA—FaE (QB —|—AB)aB —}—a}LBABAaB,

where

-1
A { Gt (1 - s58) ' of }

-1
+CTSH (1 - 8BS SECs
—1
Ap = Im{ BcfthT (1 - 53{3355‘2) —1OéB } )
+C;'SH (1 - S3555;)  S3C%
-1
C3' (1~ sBss) ! By
+C{ng, (1- sgs;f%) ca
- 34* (1—55,5%) b:é‘;ch
—C{1sty (1— SBSs) Cf



VII. APPENDIX
A. Quantum Ito Calculus

It is convenient to introduce integrated fields

B; (t) /Obi (s)ds, B! (t)z/o bl (s) ds,

A (t) = / bl () b; (s) ds.

0

B; (t) and BZ (t) are called the annihilation and creation
process, respectively, for the ith field and collectively are
referred to as a quantum Wiener process. A;; (¢) is called
the gauge process or scattering process from the jth field
to the ith field. A noncommutative version of the Ito
theory of stochastic integration with respect to these pro-
cesses can be built up. The quantum It6 table giving the
product of infinitesimal increments of these process is

x |dBy dAy  dBl  dt

dB; [0 6dB; dudt 0
dAi; |0 &rdAy 6;dB! 0
dBi o 0 0 0
dt” |00 0 0

and we note the quantum It6 product rule for adapted
stochastic integral processes [11]

d(XY) = (dX)Y + X (dY) + (dX) (dY).

The It6 equation for the unitary process is then dV =
(dG) V where

dG = > (Sij—0;) @dAi; + > L ®dB]
i,j=1 i=1
n 1 n
ey _ 1 i
—> LIS ®dB; (2ZLiL2 iH) ® dt.

j=1 i=1

B. Dynamical Equations

Let X; be a quantum stochastic integral, then the
product rule yields

AV X, Vi) = (V)X Ve + Vi (dX0) Vi + Vi X, (dV;)

(V) (dX1) Vi + (V) X (dV2) + VT (dX) (dV2)
AV ) (dX,) (dVh).

In the case where X; = X ® 1 € B(h ® &), a constant
operator on the system space fj, we have dX = 0 so

a (Vixi) = (av) XV, + VI X (@V) + @V X (avi)

== V;T (SLXS]CJ‘ - (51]X) VvtdA]k
+V,'S], (X, Ly Vid B! + V/'[L], X]S,;V,dB;
1 1 .
+v {QLL X, Li) + 5L}, X]Ly i [X,H]} Vi,
This is clearly the Heisenberg-Langevin equation from
section II.

The output fields are given by B (¢) = V,' B; (t) V;.
We also note that

d (V' B (1) Vi) = dB; (t) + Vi (dB, (1))(@V))

with all other terms cancelling on the right hand side,
leaving

dB; (t) + VtT(Sij — 573)‘/tdB] (t) + ‘/tTLiV;gdt
= V'S, VidB; (t) + V| L;Vidt,

which is the desired input-output relation.

C. Stratonovich to Ité Conversion

The Stratonovich form is dV = —i (dE) o V where
dE = Y EjjdAij+ Y FidBf +> FldB; (t) + Kdt.
ij=1 i=1 j=1

and we define the Stratonovich differential to be (dX) o
Y = (dX)Y + % (dX) (dY) with the last term computed

using the Ito table. We have the consistency condition
dV = (dG)V = =i (dE)V — 5 (dE) (dG) V or

dG = —idE — % (dE) (dG),

and using the table we see that

S-1 = —iE—%E(S—l)
L = —iF—LEL
2
—}LTL—iH = —iK—fFTL
2 - 2

which can be solved to give the relations (3).

D. Analytic Properties of the Transfer Functions

In particular in the stable case (i.e., C invertible) the
transfer function = is analytic on the closed right half
plane and unitary on the whole imaginary axis. In other
words, = is a (matrix-valued rational) inner function.

Whenever appropriate, we may determine = from its
(unitary) values on the imaginary axis by using the



Poisson integral formula (see Chapter 8 in [15]): For
z>0,yeR

2+ =1 [ 2l) s d
E(x+iy) =— =2 (iw) 5——— dw.
Y=g oo 2?2+ (y — w)?

Note that Z is also analytic at infinity (with value S),
hence if convenient we can always Cayley-transform it
to an inner function on the unit disc. Some immediate
consequences:

(a) IE(s)|| < 1if Re(s) > 0 (operator norm, maximum
principle)

(b) Z maps the (vector-valued) Hardy spaces H? into
themselves.

(c) If n =1 (one input and one output field) then = is
a scalar rational inner function. It is known that
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all such functions are finite Blaschke products [15],
i.e., finite products of the special form Scayity in the
example above. In other words, such a system can
always be realized by finitely many systems of this
special form in series (compare Section 4).

The relevance of Hardy spaces and inner functions in
classical control theory is discussed in [17]. An introduc-
tion to operator-valued inner functions is given in [18].

In general, the real and imaginary parts of A need not
commute - that is, the commutator [CTC, Q} need not
be identically zero. However, when this does occur we
always recover a multi-mode version of the cavity situa-
tion.
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