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Abstract

My research has been predominantly dedicated to obtaining, by means of

asymptotic analysis, transmission conditions that would accurately repre-

sent thin curvilinear interphases in composite materials. The precision of

the models is particularly crucial now that such materials are extensively

used in safety-conscious areas of industry and construction. Since the clas-

sical approach (finite elements method) often brings about inaccuracy and

instability of the solution, there is a necessity of a more reliable and realis-

tic way to model a composite with fine structural elements (thin inclusions).

Replacing the original layer of small yet non-zero thickness with an imperfect

interface of zero thickness with the carefully derived transmission conditions

that incorporate the physical behaviour of the interphase provides an oppor-

tunity to reach the desired accuracy.

Such transmission conditions were first of all obtained in the context

of heat transfer for a low conductive interphase, and verified for cases of

different shapes of the inclusion, with a particular focus on the impact of

geometrical properties (curvature of the boundaries) on the accuracy of the

conditions. Next, transmission conditions for a highly conductive interphase

were evaluated and verified for interphases of varying shapes, from circular

to close to circular but with greater curvature of the boundaries. This way,

the effect of the geometry on the precision of the model was again analysed.

For all the described numerical examples, a benchmark case of a perfectly

circular geometry was considered in the first place. This allowed to reduce
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the problem to a one-dimensional one, solve it analytically and use this exact

solution to estimate the accuracy of both the analytical solution to the prob-

lem with the transmission conditions and of the numerical solution obtained

via finite element method. Seeing the satisfactory accuracy of the latter in

the circular case, the numerical solution was then used to test the accuracy

of the transmission conditions in the more complicated cases, for which the

exact solutions could not be evaluated.

In addition, two problems related to the two main cases were considered.

In connection with the low conductivity, an example of a thin circular inter-

phase with the conductivity proportional to those of the external layers was

considered, and it was shown that the transmission conditions derived for

the highly resistant layer are valid also in this case. On the other hand, the

case of highly transmissive layer has been continued in the context of elastic

deformation and displacement with similar problems that can be adapted to,

again, use the derived transmission conditions. However, a profound and de-

tailed analysis of this latter example is yet to be conducted, as is highlighted

in the outline of future work.
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Chapter 1

Introduction

At the core of this thesis is the idea of building accurate models of composite

materials featuring thin interphase layers, and physical processes involved.

This need is due to their more and more common use in modern technology,

including areas in which safety is a particular concern, such as automotive

or aerospace industry [72, 58, 89, 97], or civil construction [68, 86]. This

widespread application is due to the enhanced physical characteristics of

composites [20, 56, 57, 58, 64, 32, 35, 36, 86, 74, 29, 68, 89]. The physical

properties have been the subject of research [69], while a great number of

studies (for instance, [32, 35, 36, 86, 29, 74]) have been dedicated to analysing

how these are affected by the composite’s structure. Others concern with the

physical processes accompanying such materials ([28, 90]). At the same time,

creating models that would give a clear and accurate picture of the physical

processes and features of a composite material is often still a complex process,

the reason for it being the same as what is beneficial for the material itself -

its structure. The minute features may become an issue when one attempts

to apply the canonical finite element method, as an overly refined mesh may

either cause a technical failure in the numerical computations, or - worse still

- produce inaccurate, unrealistic solutions. Avoiding such undesired results

by means of introducing a simplified mathematical model is what the research
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presented in this thesis is aiming at.

My work has been dedicated, in particular, to composite materials with

thin layers, so-called interphases. Reifsnider [87] describes it as ”the region

that is formed as a result of the bonding between fibre and matrix which has

significantly distinct morphology or chemical composition compared with the

bulk fibre or bulk matrix material”, explaining its origin as ”a diffusion zone,

a nucleation zone, a chemical reaction zone, and so forth, or any combination

of the above.” Otherwise, interphases in composites can often be encountered

in the form of adhesive layers - a technique with many practical applications,

for instance, for lightening structures in aeronautic construction [89]. Such

interphases are, in essence, a connecting area between the surrounding ma-

terials that possesses at the same time a very distinctive physical nature.

These small components that play such a big role in the eventual physical

properties of materials have been in the focus of researchers’ attention for the

past half a century or so. In 1968, the year when ’Prague Spring’ lasted from

winter into August, when the events of May swept France into the storm

of political protests, and after the opening screening of the restored ’Gone

with the Wind’ at Cannes, Jean-Luc Godard and Claude Lelouche called for

the festival to be cancelled (as indeed it was), for it was not a time to be

watching films, - across the Atlantic the time appeared well fit for looking

for new foci in the science of composite materials. And so in June 1968 in

San Francisco the American Society for Testing and Materials held the first

symposium dedicated to ”Interfaces in Composites”, after which its chairman

M.J.Salkind stressed in the introduction to the proceedings of the symposium

that ”...an understanding of the role of the interface in composite behavior

and the ability to control the interface are as important as the understanding

and control of the two primary components” [91]. Since then, many studies

have been dedicated to thin layers and small inclusions, proving the crucial

role of the structure and geometry in the eventual characteristics of the com-

posite. The 1975 paper by Garrett and Rosenberg [36] included the results

3



on the impact the size of spherical inclusions on the conductivity of the ma-

terial. In 1985 Theocaris [100] stressed the importance of the adhesive layers

by describing how the actual properties of the composite evolve from both

the mechanical structure and the chemical reactions, and how the behaviour

of the mesophase impacts the processes in the surrounding media.

I should digress at this point, and point out that, just like the theory

itself, the according terminology at the time was yet in its development. For

decades the concepts of interphase (a definition of it as a ”intermediate layer”

is given by Papanicolaou et al in 1978 [80]) or mesophase (term coined by

Theocaris in [100, 102]) as opposed to an interface, i.e. line of contact with

zero thickness, were not yet common. Sharpe [94] refers to a ”weak boundary

layer” in an adhesive joint as an ”interphase”. Still, generally, throughout

1970s and 1980s, and even until 1990s, the term ’interface’ was often used

to refer to what we now would rather call ’interphase’, i.e. the intermediate

layer bonding the components of a composite. In fact, in this same sense

the word ’interface’ is sometimes used even in recent times, at least when the

layer thought to be ”of negligible thickness” and not taken into consideration

altogether - like in the study of the loss of adhesion between two rigid bodies

by Del Piero and Raous [24].

It is interesting to trace how in conjunction with the research on compos-

ites and thin layers the according terminology developed and became more

widespread. Olsson et al, while studying the scattering of elastic waves in

a domain with spherical elastic inclusions [75], noted the presence between

these inclusions and the surrounding medium of a ”thin interface layer” of

very small yet non-zero thickness, i.e. in reality it was an interphase layer,

which was then modelled as a shell. The authors mention the effect of the

thickness of this layer on the results, i.e. the scattering of the waves in the

medium. In [14] the thin elastic curved layer under consideration is already

referred to as an interphase. In order to model it, the authors derive a

set of imperfect interface conditions, explaining the necessity of finding an
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appropriate means for describing the properties of the original interphase.

Previously, as the authors point out, such layers were commonly represented

through spring contact boundary conditions, which in a lot of cases resulted

in physically unrealistic or inadequate results and loss of important physical

or geometrical properties in the model. Amazingly, over a decade later the

limitations of this approach yet again had to be underlined by Mogilevskaya

and Crouch in [65], with a reference to classical 2001 paper by Benveniste

and Miloh [12], where the spring type is shown as only one of the defined

seven different regimes of interface conditions while considering a thin curved

isotropic interphase.

At that time and since, a number of researchers have applied the technique

of replacing a thin layer with a set of conditions of imperfect context in

various physical settings. In the same year of 2001, Hashin [44] derived

imperfect interface conditions simulating a thin spherical interphase in terms

of electric conductivity, ranging from very high to very low. It is also worth

noting that his results can be applied to the context of thermal conductivity

or magnetic behaviour.

Strictly speaking, I should specify that the approaches to modelling mate-

rials containing thin interphases are two [41]. The first one suggests directly

representing the interphase as an object of non-zero thickness that is in per-

fect contact with the adjoining media [26]. However, as modelling composite

materials with such layers using the classical finite element approach fre-

quently result in issues such as the numerical instability or inaccuracy of the

solution ([72, 63, 70]), one can then take the second, less straightforward way.

This one exactly follows the idea of representing the interphase as an object

of zero thickness with conditions of imperfect contact between the adjoining

layers. These imperfect conditions account for the physical characteristics

of the interphase, which are essential for the accurate representation of the

processes going in the composite, and therefore act as a mechanism preserv-

ing the physical behaviour of the interphase in the model without imposing
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the necessity of actually modelling the layer itself [61]. This approach has

been pursued and developed for a number of problems, greatly varying both

in physical and geometrical formulation.

In [8], an arbitrarily curved three-dimensional anisotropic thin interphase

was modelled using the appropriate interface conditions approach for the

problems of unsteady transient heat conduction and of dynamic elasticity,

while in [9] the method was applied in the setting of piezoelectricity.

The 2010 paper by Benveniste and Berdychevsky [11], though, presents

a comparison of two approaches. The first one, less straightforward, lies in

simulating the presence of a thin interphase by two sets of conditions, each

corresponding to one of the interphase boundaries, - instead of replacing it

with imperfect interface described through a single set of conditions, which

is exactly the second approach. Later Benveniste generalises this analysis to

the case of non-constant interphase conductivity [10] and spreads the idea

further to the context of elastic moduli varying along the interphase [?].

In the meantime, Gu and He in [39] developed the conditions using a

coordinate-free approach, generalising the relations described in [8]. Here,

the thin interphase is replaced by a zero-thickness interface such that the

field jumps across the zone are equal, up to a fixed error, to the jumps across

the interphase in the original formulation.

The 2007 paper by Mishuris and Öchsner [60] focuses on the process of the

two-dimensional modelling of a thin elasto-plastic interphase of a rectangular

geometry, considering several subcases of parameters and properties.

Nairn in [68] discusses the implementation of imperfect interface models

into finite element analysis (for the linear case) and material point method

(for the non-linear case).

A series of articles by Lebon and Rizzoni [51, 52, 88, 89] introduce, by

means of asymptotic analysis, a two-level model in which the interphase is

replaced at the first level by a perfect contact interface and at the second

level by an imperfect interface. In this approach, the second level can be
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consdered as a correction to the leading solution, i.e. the first level. [51]

uses this idea to analyse displacement in an adhesive bar-shaped joint. [52]

extends the previous study to the anisotropic case, providing interface laws

or several cases of interphase material symmetry. In [88], the idea was further

applied to the case of a thin interphase with a mismatch strain, where the

elastic moduli of the interphase and adherent layers were comparable, and in

[89] the two-level model was constructed for the case of a curved thin elastic

interphase between elastic adherents.

In [30] Eremeyev et al. studied the interface boundary conditions for

thin thermoelastic structures, particularly in terms of how they affect the

deformation of shells and plates subject to phase transformations. Addi-

tional stress on how a circular interface evolves under external loading has

been made in [31]. Then in [29] the influence of interfacial/surface properties

on the effective properties of materials at the micro- or nano-scale has been

analysed. Further on, Eremeyev et al. ([28]) applied the technique of replac-

ing the thin soft elastic layer with a zero thickness object in the context of

surface/interfacial waves.

In the context of the problem of deformation of an articular cartilage, the

idea of using an interface with transmission conditions has been applied by

Vitucci et al [104], the thin cartillage layer regarded as an interphase that

connects the bones. In [105] this approach was further developed into finding

the solution the 3D contact problem in closed form, which was compared with

the existing experimental data.

Mishuris et al considered [54] a thin rectangular heat-resistant interphase

in the problem of heat transfer. The case was non-linear in terms of conduc-

tivity, but with a constant heat source. The transmission conditions obtained

were verified in [55]. This was extended in [56] (verification in [73]) to the heat

source being not necessarily constant but, indeed, non-linear. However, in

the process of the evaluation of the transmission conditions an additional as-

sumption of having the temperature monotonic within the interphase, which
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may not always be realistically attained. This limitation was eliminated

in [57] for a reactive interphase; however, the thermal conductivity was at

that moment taken to be constant. The universal transmission conditions

for the most general case, incorporating nonlinear thermal conductivity and

heat source and not imposing any additional monotonicity conditions, were

derived in [63].

It is interesting and worth noting that not only mathematics provides an

essential tool for studying this physical phenomenon, but also considering

physical problem of this sort has brought about the development of mathe-

matical theory [23].

Context of heat transfer

The physical problems I cover in my work are mostly those of heat trans-

fer. Heat, following Zemansky’s succinct yet lofty definition, is ”energy in

transit”.[109] With its vital part in the mere existence of the human race,

this physical phenomenon has always fascinated the scholarly minds, and

yet it took centuries to understand that it is energy and not some form of

substance. The ground-breaking observation that led to the birth of the the-

ory of thermodynamics was made in 1797 by Benjamin Thompson, Count of

Rumford [109, 99]. Thompson was quite a controversial figure with a taste

for both adventure and inquiry, and a true cosmopolitan: Massachusetts-

born-English-spy-turned-Bavarian-Count. It was exactly in the arsenal in

Munich that he noticed the rise of temperature in brass chips in the process

of boring a cannon - for once it was that making weapons led to an evolution

in science, and not vice versa! - and held a series of experiments, e.g. made

water boil by the heat generated through friction (in the process of boring)

[7].

XIX century saw the development of thermodynamics, and, as Fourier

wrote in the preface to his 1822 book, ”...every physical problem of this kind

is brought back to an investigation of mathematical analysis.” He goes on to
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point out that ”different bodies in fact do not possess in the same degree the

power to contain heat, to receive or transmit it across their surfaces, nor to

conduct it through the interior of their masses”, thus hinting at the notion

of thermal conductivity.

This crucial property of any material shows ”a great variability, both in

magnitude and temperature dependence. This arises from the many different

controlling factors. There are two principle carriers of heat: lattice waves,

which are always present; and free electrons, which are present in metals and

semi-conductors.” [47] Free electrons move both from the more heated areas

into the ones less heated and in the opposite direction, transmitting their en-

ergy to atoms in the first instance and removing from them the energy in the

second one. As the structure becomes increasingly heterogeneous, electron

scattering rises, and the latter is known to cause a decline in the thermal

conductivity for metals and alloys, while for dielectrics also structure, poros-

ity and moisture content of the material are all essential factors[46]. How the

structure of material, or presence of inclusions, directly and sometimes dras-

tically affects its conductive properties is illustrated in the same textbook

([46]) on the example of copper, which has the thermal conductivity equal

to 396 W/m C when its pure, or 142 W/m C when it has traces of arsenic.

In connection with my subject of research, thermal conductivity is, in

fact, an important characteristic of an interphase and the basis of their clas-

sification as low conductive, highly conductive or ”intermediate”, i.e. an

interphase similar in terms of conductivity to the adjacent layers [61, 50, 3].

While I have not studied the latter case, interphases with low and high con-

ductivity are covered in the corresponding chapters of this thesis. To be

exact, low thermal conductivity is defined in [46] as below 0.25 W/m C.

Since, as was mentioned before, materials’ conductive property often demon-

strated variation based on its temperature, I have tried to be as general as

possible and considered cases of temperature-dependant heat conductivities.

Another key physical parameter involved in the studied problem is the
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source of heat, which in these cases is distributed within the interphase.

There are many potential causes of a distributed source, for instance, heat

release of decomposing, or the heat of a chemical reaction within the layer,

as, indeed, ”in this connection we think almost immediately of chemical re-

actions being identified with a class of problems in which heat is liberated or

absorbed in either uniform or nonuniform amount throughout the volume of

the structure.” [93] Internal chemical or electrochemical reactions can occur

in SOFC cells [71]. Since chemical reaction frequently lead not only to the

generation, but also absorption of heat - in fact, five different mechanisms

of both situations were described in [33] - I have included in my research

cases of both heat sources and sinks. Alternatively (almost coming back to

Thompson’s pioneer example), heat may be produced as a result of mechan-

ical work - such situation, coupled with plastic deformation, were considered

in [4] and in [42].

I should bring to attention that the results obtained here can also be used

in the setting of mass transfer, which may also occur in a system involving

thin layers, sometimes coupled with hear transfer or chemical reaction [34].

In this case the interphase may be a film, as considered in [15, 49], or bubble

[92]. The transmission conditions derived are easily adapted to this context if

one uses the first and second Fick’s laws respectively in place of the Fourier’s

law and the heat equation. Due to the complete analogy of the two cases, I

only described here the one of heat transfer.

Attention to the geometry and structure

While studying this problem, I tried to achieve a diversity not only in the

physical parameters, but also in the geometry, another essential factor in

physical characteristics of a composite. Chen discussed the impact of the ge-

ometry of the inclusions in connection to fracture mechanisms in [19]. The in-

fluence of inclusion size on the thermal conductivity of a composite was anal-

ysed in [32, 35, 36], the effects of interfaces and inclusions at micro/nanoscale
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were described in [29, 28, 81]. Particular attention to the geometry (interface

angle) was paid by Qian et al in [86]. Pabst gave an overview of the esti-

mation of how the effective thermal conductivity of the material depends on

its porousity [77]. The idea of the impact of the microstructure of the ma-

terial was extended in [78] by into consideration the geometry and topology

of the porous space/inclusions rather than limiting to porosity (”the volume

fraction of pores”) as such. Ventola et al describe how the material’s struc-

ture influences heat convection, and, ultimately, heat transfer, by defining

”artificial surface roughness” which is ”designed to enhance heat transfer”

[103]. Gori and Corisaniti, evaluating the thermal conductivity of a fibre

reinforced composite in [38], investigated the effect on this characteristic of

the geometrical structure as well as the material of the reinforcement.

The problems considered in the present thesis concentrate, in general

terms, on composite materials with interphases (both cases of constant and

non-constant thermal conductivity have been considered) that can be de-

scribed as a thin layer within smooth closed curvilinear boundaries of small

curvature.

Testing different geometries has demonstrated this assumption to be of a

significant important. For all examples, I first narrowed the general formu-

lation down to the simplest interphase bounded by two perfect circles. This

allowed to have the case most thoroughly tested and use for reference while

considering other geometries. In particular, my aim was to find the solutions

in case of thin interphase of thickness h 6= 0 and of zero thickness interface,

i.e. the functions describing temperature distributions in all regions. Proving

that these two solutions coincide within respective domains justifies the use

of the transmission conditions to replace the actual thin interphase in the

model.

The next stage was to compare the actual analytical solution to the orig-

inal problem with the non-zero thin interphase to the numerical solution to

the same problem obtained in COMSOL and thus test the accuracy of the
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FEM solution. With the latter being sufficiently precise, I went on to use

the numerical solutions to verify, albeit indirectly, the accuracy of the trans-

mission conditions in the less trivial cases (when the interphase is no longer

perfectly circular) for which it was not possible to find the exact analytical

solution.

As a step to follow I considered the interphases of varying curvature but

of a shape close to circular one (the detailed description of the geometry is

given in Section 2.4). Among the low conductive interphases, I also consid-

ered a star-shaped one. Inclusions of such type are becoming increasingly

popular in industrial applications. Agnese and Scarpa studied inclusions of

this shape in application to wind turbine blades, and noted as much as 80%

increase of the strain energy in the viscoelastic area in comparison with the

material with the more classical circular inclusions [1]. The enhancement

of physical behaviour was further experimentally proven in [2]. Borhan et

al [13] considered the ”novel star-shaped architecture for an oxygen mem-

brane”, demonstrating the merit of the higher effective surface. At the same

time, the very geometry of such inclusions brings about the need to specially

consider the sharp notches [101, 21, 22]. In connection with my research,

this shape gave an opportunity to perform not only a profound analysis of

the impact of curvature, but also observe the so-called ’edge effects’, despite

the fact that a closed shape naturally doesn’t have actual edges. The dis-

tinctive behaviour at the ends of a composite makes it necessary to conduct

special analysis of such regions, as was done for elastic/viscoelastic joints in

[85, 86] or thin film undergoing delamination at edges [108, 27]. Particularly

in studies featuring the transmission conditions approach the edge effects

were observed and studied by Sonato et al [95] and Mishuris and Öchsner

[59].

Prior to closing this introductory discourse, I would like to make some

brief notes regarding the structure of the thesis. Some preliminary steps

(transition to curvilinear coordinates and rescaling of the interphase) are
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common to all the considered problems, and therefore Chapter 2 is dedicated

to describing them together in order to avoid further repetition. The follow-

ing two chapters focus on the process of evaluating transmission conditions,

methods of their verification and eventually results of numerical computa-

tions in support of the mathematical hypotheses. This was done in the first

place for the more widespread cases of heat-resistant interphases, covered

in Chapter 3, for which I obtained the transmission conditions for the most

general geometry [6, 5]. An additional problem of a cylindrical composite of

layers with proportional conductivities is considered in Section 3.4. A com-

parison with the solution obtained via Kirchhof transformation proved that

the transmission conditions are also valid in this situation.

The next natural step, described in Chapter 4, was to study interphases

with high thermal conductivity (as encountered in [96]). This can be seen

as an heat transfer problem analogy to the stiff rather than soft interphases

in terms of elasticity [18, 62]. Although in this instance I only obtained the

transmission conditions for the circular and almost circular shapes, compar-

ing the results to the corresponding examples with low interphase conduc-

tivity highlights their similarity in terms of accuracy. In the absence of the

more general examples from the point of view of geometry, I performed a

more in-depth investigation of the very realistic case of the physical param-

eters varying in space, the importance of which was stressed in [106]. Sub-

subsection 4.1.2.4 therefore deals with the case of non-uniform heat source

distribution, showing that the transmission conditions approach is still valid

in this situation. In the end, Section 4.2 gives an outline of a related problem

of elastic antiplane deformation, which is an analogy to the case of highly

conductive interphase, but in a different physical setting.

The brief summary of the results can be found in the concluding Chapter

5 of the thesis. Finally, another problem that I have worked on but that does

not fit exactly into the framework of the rest of my research is presented in

the Appendix.
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Chapter 2

Common preliminary steps

2.1 General problem formulation

In this chapter we consider the problem of heat transfer in a composite with

a closed curvilinear interphase joining two media. This adhesive layer is

very thin in comparison with the surrounding layers. Another geometrical

assumption that we make is that the curvature of the interphase boundaries

is rather small. The heat transfer equation is satisfied within the interphase,

i.e.

∇ · (k(T )∇T ) +Q = cρ
∂T

∂t
. (2.1)

Here T (x, y, t) is the sought temperature distribution function, and the char-

acteristics of the material are described as k(T, x, y) for the thermal conduc-

tivity, c for heat capacity and ρ for its density. The very intensive heat source

(or sink), Q(T, x, y), is spread within the interphase. It should be noted that

the latter is assumed to preserve its sign within the region, as the opposite

would mean that there are multiple heat sources and sinks in a very thin

layer, which makes little physical sense.

We describe with a different function the temperature within each region,

i.e. for the three media. These sought functions are denoted as
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Figure 2.1: Thin arbitrary curvilinear interphase.

T+(x, y, t) - temperature to the outside of the outer border Γ+ of the interphase;

T−(x, y, t) - temperature in the region limited by the inner border Γ− of the interphase;

T (x, y, t) - temperature within the interphase.

Besides, each material is characterised by its thermal conductivity de-

noted as k+, k, k− respectively, where k = k(T, x, y).

As, generally speaking, the surrounding materials are different, k+ 6= k−.

In the following chapters I shall firstly describe a low conductive inter-

phase, i.e.

k ≪ k±, (2.2)

to further on switch to the opposite situation of highly conductive interphase,

that is

k ≫ k±. (2.3)
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Transmission conditions along the interphases Γ± between the corre-

sponding materials are written in the form

[T ] |Γ±
= 0, (2.4)

[nq] |Γ±
= 0, (2.5)

where n is the normal vector to the surface and q the heat flux. The latter

is, following Fourier’s law, defined with the formula

q = −k(T )∇T. (2.6)

Analogous transmission conditions can be used in the setting of mass

transfer rather than heat transfer by simply replacing (2.6) and (2.1) with

the first and the second Fick’s laws respectively. The present thesis, never-

theless, discusses the transmission conditions model using only heat transfer

terminology.

2.2 Transition to curvilinear coordinates

The closed curvilinear shape of the interphase makes a transition to curvilin-

ear coordinates naturally convenient. The general procedure is the following.

For each point on the center line Γ between the two borders of the interphase,

u1 is the tangential vector, and u2 the normal vector, thus orthogonal to u1.

Let the new axes ζ1, ζ2 be directed along these vectors respectively and

s, n be unit base vectors for the system:

s =
1√
g11

u1, n =
1√
g22

u2,

where

g11 =
( ∂x

∂ζ1

)2
+
( ∂y

∂ζ1

)2
, (2.7)

g22 =
( ∂x

∂ζ2

)2
+
( ∂y

∂ζ2

)2
, (2.8)

g = g11g22. (2.9)
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In the newly introduced curvilinear coordinates, the ∇ operator takes the

following form [48]:

∇ =
1√
g11

s
∂

∂ζ1
+

1√
g22

n
∂

∂ζ2
. (2.10)

To shorten further expressions, the following notation is introduced:

a1 =
1√
g11

, a2 =
1√
g22

. (2.11)

Equivalently

∇ = a1s
∂

∂ζ1
+ a2n

∂

∂ζ2
. (2.12)

According to Korn [48], the operator ∇ ·F in the new coordinate system

is

∇ · F =
1√
g

(
∂

∂ζ1
(a1

√
gF1) +

∂

∂ζ2
(a2

√
gF2)

)
, (2.13)

where

F = k∇T = [F1, F2] =

[
ka1

∂T

∂ζ1
, ka2

∂T

∂ζ2

]
. (2.14)

With this in mind, the equation (2.1) will be transformed into

1√
g

(
∂

∂ζ1

(
a21k

√
g
∂T

∂ζ1

)
+

∂

∂ζ2

(
a22k

√
g
∂T

∂ζ2

))
+Q = cρ

∂T

∂t
. (2.15)

Note that in fact F defined in (2.14) is equal to −q, i.e. in curvilinear

coordinates

q =

[
−ka1

∂T

∂ζ1
,−ka2

∂T

∂ζ2

]
. (2.16)

Now the transmission conditions (2.4) in the curvilinear coordinates mean

that

T+ − T (ζ+1 , ζ
+
2 , t) = 0,

T− − T (ζ−1 , ζ
−
2 , t) = 0, (2.17)
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where (ζ+1 , ζ
+
2 ) and (ζ−1 , ζ

−
2 ) are the coordinates of points on boundaries Γ+

and Γ− respectively.

As in the introduced curvilinear coordinates n = [0, 1] conditions (2.5)

are transformed into

q+ + ka2
∂

∂ζ2
T (ζ+1 , ζ

+
2 , t) = 0,

q− + ka2
∂

∂ζ2
T (ζ−1 , ζ

−
2 , t) = 0. (2.18)

For all of the geometries of the interphase, I have chosen to shift to tra-

ditional polar coordinates. The coefficients g are then calculated as follows:

grr =
(

∂x
∂r

)2
+
(

∂y
∂r

)2
= cos2 φ+ sin2 φ = 1; (2.19)

gφφ =
(

∂x
∂φ

)2
+
(

∂y
∂φ

)2
= (−r sinφ)2 + (r cosφ)2 = r2. (2.20)

and thus:

a1 = 1, a2 = 1/r, g = grrgφφ = r2. (2.21)

Inserting the above to (2.15) gives

1

r

∂

∂r

(
kr

∂T

∂r

)
+

1

r2
∂

∂φ

(
k
∂T

∂φ

)
+Q = cρ

∂T

∂t
, (2.22)

which for the particular case of constant k turns into

1

r

∂T

∂r
+

∂2T

∂r2
+

1

r2
∂2T

∂φ2
= −Q

k
+

cρ

k

∂T

∂t
. (2.23)

Prior to proceeding to write the transmission conditions in polar coordi-

nates, I define the boundaries Γ+,Γ− of the interphase with the equations

r = r+(φ) - the equation of the outer boundary Γ+ of the interphase;

r = r−(φ) - the equation of the inner boundary Γ− of the interphase.

Also, I introduce the notations

T± = T±(x±, y±, t), (2.24)

q± = q±(x±, y±, t) (2.25)
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for the temperature and the heat flux at respective boundaries of the

interphase.

In polar coordinates, the heat flux vector is represented as:

q =

[
−ka1

∂T

∂r
,−ka2

∂T

∂φ

]
. (2.26)

Using this expression for the heat flux vector, the conditions of perfect

contact along the interphase are rewritten as

T± − T (r±, φ, t) = 0, (2.27)

q± + n±
r k

∂

∂r
T (r±, φ, t) + n±

φ k
1

r±

∂

∂φ
T (r±, φ, t) = 0. (2.28)

Here n±
r , n

±
φ are the polar coordinates of the normal vectors to the bound-

aries defined as in [48, p. 564] (see (17.1-8)):

n± = [n±
r , n

±
φ ] =

1√
r2±(φ) + r′±(φ)

2

[
r±(φ), r

′
±(φ)

]
, (2.29)

2.3 Rescaling in polar coordinates

It is common (see [6, 5, 56, 63]) to rescale the thin interphase for this kind

of problem in order to obtain the transmission conditions.

Before this necessary procedure of rescaling itself, I introduced the nota-

tion

r = r0(φ)

for the center line Γ between the two boundaries Γ+ and Γ− of the inter-

phase.

That is, for every φ

r0(φ) =
r+(φ) + r−(φ)

2
. (2.30)
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May h be the width of the interphase, which is, generally speaking, de-

pendent on the angle φ

h = h(φ). (2.31)

Evidently,

h(φ) = r+(φ)− r−(φ) (2.32)

and

r±(φ) = r0(φ)±
h(φ)

2
. (2.33)

The interphase is very thin in comparison with the sizes of both surround-

ing materials, hence the width is rescaled

h(φ) = εh̃(φ), (2.34)

with ε ≪ 1.

Together with the width, the coordinate r is rescaled by introducing the

new coordinate ξ

ξ =
r − r0(φ)

εh̃(φ)
, (2.35)

or

r = r0(φ) + εh̃(φ)ξ. (2.36)

It’s worth noting that, whereas before the rescaling procedure we had

r ∈ (r−, r+) =

(
r0 −

h

2
, r0 +

h

2

)
, (2.37)

after the rescaling the new coordinate lies within the interval

ξ ∈
(
−1

2
,
1

2

)
. (2.38)

We note that at the same time no change occurs to the second coordinate,

and it takes values φ ∈ [0, 2π).
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As the above substitutions take place, the normal vectors to the bound-

aries are transformed into

n± = [n±
ξ , n

±
φ ] =

[
r0(φ)± 1

2
εh̃(φ), r′0(φ)± 1

2
εh̃′(φ)

]

√
(r0(φ)± 1

2
εh̃(φ))2 + (r′0(φ)± 1

2
εh̃′(φ))2

. (2.39)

Finally, after the described modifications to the formulation of the prob-

lem, the temperature within the interphase region should be defined as a

function dependant on the newly introduced coordinate ε:

T (r, φ, t) = T̃ (ξ, φ, t). (2.40)

The transition to the new variables (ξ, φ) results in

∂T

∂r
=

1

εh̃(φ)

∂T̃

∂ξ
, (2.41)

and
∂T

∂φ
=

r′0(φ) + ξεh̃′(φ)

εh̃(φ)

∂T̃

∂ξ
− ∂T̃

∂φ
. (2.42)

2.4 Circular and almost circular interphases:

domain description

Since in many of the forthcoming examples I considered interphases of either

circular or almost circular shape, as such cases are more commonly encoun-

tered in practical application, it makes sense to describe the geometry of such

domains at the very beginning.

The geometry of all such example I defined as follows: the outer and the

inner boundaries of the material are circles of radii R = 1.5 and r̂ = 0.5

respectively, while the interphase is a thin regions bounded by smooth closed

curves described with the equation

r±(φ) = 1± 0.005(2 + sinnφ). (2.43)
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Therefore, different values of the parameter n define different domains:

n = 0 corresponds to the circular one, while taking n > 0 creates interphases

of almost circular shape. Importantly, the greater the parameter, the greater

the curvature of the boundaries. Thus, increasing the value of n I could study

the effect of the increase of the curvature on the accuracy of the model.

After these common steps, the ways of further dealing with the cases of

low conductive and highly conductive interphases and delivering transmission

conditions for each diverge. The next chapter is therefore dedicated to the

first situation, while considering the second one will be resumed in Chapter

4.
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Chapter 3

Transmission conditions for

thin low-conductive curvilinear

interphase

3.1 Rescaling physical parameters of the low

conductive interphase

After the rescaling procedure that was necessary due to the geometrical pro-

portion of the composite’s layers, we also rescale the physical/material pa-

rameters, namely the thermal conductivity of the interphase and the heat

source (sink) within it, using the same asymptotic parameter ε.

Since the interphase is much more heat-resistant than the surrounding

media, it can be assumed that

k(T, r, φ) = εk̃(T, ξ, φ), (3.1)

with ε ≪ 1. Here, the introduced k̃(T, ξ, φ) takes values of the same order

as the thermal conductivities of the surrounding materials.

Conversely, as the thermal source within the interphase is thought to be
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highly pronounced, we can write that

Q =
1

ε
Q̃, (3.2)

with ε ≪ 1. Again, the value of Q̃ is comparable to the other parameters in

the heat equation.

By substituting the above expressions and (2.41) to (2.15) we obtain

1

(r0 + εh̃ξ)2

(r′0 + εh̃′ξ

εh̃

∂

∂ξ
− ∂

∂φ

)(
k̃
(r′0 + εh̃′

h̃

∂T̃

∂ξ
− ∂T̃

∂φ

))
+

1

εh̃2

∂

∂ξ

(
k̃
∂T̃

∂ξ

)
+

k̃

h̃(r0 + εh̃ξ)

∂T̃

∂ξ
+

1

ε
Q̃ = cρ

∂T̃

∂t
. (3.3)

Following the process of rescaling, transmission conditions (2.27) and

(2.28) transform into

T± − T
(
± 1

2
, φ, t

)
= 0, (3.4)

q± + n±
ξ

k̃

h̃

∂T̃

∂ξ
+ n±

φ

k̃

r0(φ)± 1
2
εh̃(φ)

(r′0 ± εξh̃′

h̃

∂T̃

∂ξ
− ε

∂T̃

∂φ

)∣∣∣(
± 1

2
,φ,t
) = 0. (3.5)

I should note at this point that, although I have denoted the centre line

and the width of the interphase as r0 and h̃ respectively, they are still, gen-

erally speaking, dependant on the angle φ: h̃ = h̃(φ), r0 = r0(φ). I shall,

however, further on omit the argument of these functions in order to keep

the formulae more compact.

3.2 Using the asymptotic method to obtain

the transmission conditions

Our approach to solving the problem consists in seeking the temperature

distribution within the interphase in the form of an asymptotic expansion

T̃ = T̃0(ξ, φ, t) + εT̃1(ξ, φ, t) + ε2T̃2(ξ, φ, t) + ... (3.6)
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In addition, the normal vector is expanded by the powers of ε

n± = n0 ± εn1 + ε2n2 +O(ε3), (3.7)

where

n0 =
[ r0(φ)√

(r0(φ))2 + (r′0(φ))
2
,

r′0(φ)√
(r0(φ))2 + (r′0(φ))

2

]
, (3.8)

n1 =
[ h̃(φ)(r′0(φ))2 − h̃′(φ)r0(φ)r

′
0(φ)

2(r20(φ) + (r′0(φ))
2)

3

2

,
h̃′(φ)r20(φ)− h̃(φ)r0(φ)r

′
0(φ)

2(r20(φ) + (r′0(φ))
2)

3

2

]
, (3.9)

etc.

It also makes sense to introduce the notation:

n0
ξ(φ) =

r0(φ)√
(r0(φ))2 + (r′0(φ))

2
, (3.10)

to shorten several equations that will be obtained in the future.

With the introduced asymptotic expansions, the transmission conditions

for temperature (3.4) can be rewritten as

T± = T̃0

(
± 1

2
, φ, t

)
+ εT̃1

(
± 1

2
, φ, t

)
+ ..., (3.11)

whereas by substituting (3.6) and (3.7) to (3.5), we obtain the equivalent

to the conditions on heat flux

q± +
1

n0
ξ(φ)h̃

k̃
(
T̃0

(
± 1

2
, φ, t

)
,±1

2
, φ
) ∂

∂ξ
T̃0

(
± 1

2
, φ, t

)
+ O(ε), ε −→ 0.(3.12)

Finally, by replacing T (r) with its asymptotic expanstion in (3.3), the

following chain of boundary value problems is obtained

r20 + (r′0)
2

r20h̃
2

∂

∂ξ

(
k̃
∂T̃0

∂ξ

)
+ Q̃ = 0,(3.13)

r20 + (r′0)
2

r20h̃
2

∂

∂ξ

(
k̃
∂T̃1

∂ξ

)
− (r20h̃

2 + (r′0)
2)ξ

r30h̃

∂

∂ξ

(
k̃
∂T̃0

∂ξ

)
+

+
1

r20

[
r′0
h̃

∂

∂ξ

(
k̃

(
r0 + ξh̃′

h̃

∂T̃0

∂ξ
− ∂T̃0

∂φ

))
+

(
ξh̃′

h̃

∂

∂ξ
− ∂

∂φ

)(
k̃
r′0
h̃

∂T̃0

∂ξ

)]
= cρ

∂T̃

∂t
,

... (3.14)
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Note that all but the first of these equations are linear. Therefore, we

shall consider the boundary value problem only for the leading terms:

1

(n0
ξ(φ))

2h̃2

∂

∂ξ

(
k̃
∂T̃

∂ξ

)
+ Q̃ = 0, (3.15)

T± − T̃0

(
± 1

2
, φ, t

)
= 0, (3.16)

q± +
1

n0
ξ(φ)h̃

k̃
(
T̃0

(
± 1

2
, φ, t

)
,±1

2
, φ
) ∂

∂ξ
T̃0

(
± 1

2
, φ, t

)
= 0, . (3.17)

Remark. This procedure also provides us with the asymptotic estimation

for the heat flux:

q − ξ = −n0
ξ(φ)

h̃
k̃
(
T̃0(ξ, φ, t), ξ, φ

) ∂
∂ξ

T̃0(ξ, φ, t). (3.18)

Finally, I obtained the transmission conditions by integrating the differen-

tial equation (3.15) twice with respect to variable ξ. This gives the equations

of the form

F (T, ξ, C0, C1) = 0, (3.19)

− 1

n0
ξ(φ)h̃

k̃
∂

∂ξ
F (T, ξ, C0, C1) = q̃ξ

∂

∂T
F (T, ξ, C0, C1). (3.20)

The integration constants C0, C1 are uniquely found after substituting the

values of the coordinate ξ = −1/2, temperature T = T− and heat flux q = q−,

corresponding to the values at the boundary between the interphase and the

inner layer of the material. After that, the substitution of the corresponding

values ξ = 1
2
, T = T+, q = q+ at the outer boundary of the interphase gives

two necessary (solvability) conditions that need to be fulfilled

F1(T+, T−, q+, q−) = 0, (3.21)

F2(T+, T−, q+, q−) = 0.
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Following this algorithm, the transmission conditions for any arbitrary

case can be obtained. There are specifically a few cases, in which it was

possible to integrate the equation(3.15) and write (3.21) in an explicit way.

These cases can be categorised by the nature of the heat source and the

thermal conductivity of the interphase:

• I Q̃ = Q̃(ξ, φ, t), k̃ = k̃(ξ, φ, t),

• II Q̃ = Q̃(ξ, φ, t), k̃ = k̃(T, φ, t)m(ξ, φ, t),

• III Q̃ = Q̃(T, φ, t), k̃ = k̃(T, φ, t).

The remaining part of this chapter is thus dedicated to discussing each

of such particular examples in further detail and eventually providing the

formulae of the corresponding transmission conditions.

3.2.1 Special case I: transmission conditions in the lin-

ear case

The simplest of such cases which I firstly considered occurs when the material

parameters do not depend on the temperature

Q̃ = Q̃(ξ, φ, t), k̃ = k̃(ξ, φ, t).

I will later refer to this as Case I, or the linear case. The equation (3.15) in

this instance takes the form

∂

∂ξ

( k̃(ξ, φ, t)
h̃

∂

∂ξ
T (ξ, φ, t)

)
= −h̃(φ)(n0

ξ(φ))
2Q̃(ξ, φ, t). (3.22)

Introducing auxiliary functions

Φ±(ξ, φ, t) =

∫ ξ

± 1

2

Q̃(z, φ, t)dz, (3.23)
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I got, by means of intergrating (3.22), the following equation:

k̃

h̃

∂T

∂ξ
= −h̃(φ)(n0

ξ(φ))
2Φ−(ξ, φ, t) + C0(φ, t). (3.24)

As was previously mentioned for the general case, one substitutes the

value ξ = −1
2
at the inner boundary of the interphase to find

C0(φ, t) = −n0
ξ(φ)q−. (3.25)

After substituting the values at the other interphase boundary, the first

transmission condition follows

q+ − q− = h̃(φ)n0
ξ(φ)Φ−

(1
2
, φ, t

)
. (3.26)

To get the second transmission condition, I considered the equation

k̃

h̃

∂T

∂ξ
= −h̃(φ)(n0

ξ(φ))
2Φ−(ξ, φ, t)− n0

ξ(φ)q−. (3.27)

Introducing the auxiliary functions

Ψ±(ξ, φ, t) =

∫ ξ

± 1

2

Φ±(z, φ, t)

k̃(z, φ, t)
dz (3.28)

and

Ξ±(ξ, φ, t) =

∫ ξ

± 1

2

dz

k̃(z, φ, t)
. (3.29)

and integrating (3.27) gives the equation

1

h̃(φ)
T (ξ, φ, t) = −h̃(φ)(n0

ξ(φ))
2Ψ−(ξ, φ, t)− n0

ξ(φ)q−Ξ−(ξ, φ, t) + C1(φ, t).

(3.30)

Here, as follows from substitution of ξ = −1
2
,

C1(φ, t) =
1

h̃(φ)
T
(
− 1

2
, φ, t

)
. (3.31)

And, again, inserting the values of ξ, T, q at the boundary between the

interphase and the outer layer leads to the transmission condition

T+ − T− = −h̃2(φ)(n0
ξ(φ))

2Ψ−

(1
2
, φ, t

)
− h̃(φ)n0

ξ(φ)q−Ξ−

(1
2
, φ, t

)
. (3.32)
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Special case (1a): constant heat source and thermal conductivity

Simplifying this case even further and assuming both thermal source and

thermal conductivity are independent not only of the temperature, but also

of the coordinate, in other words, are just constant, Q̃ = Q̃0, k̃ = k̃0, brings

the transmission conditions (3.26) and (3.32) to the following forms

q+ − q− = h̃(φ)η0ξ(φ)Q̃0, (3.33)

k̃0(T+ − T−) = −q2+ − q2−

2Q̃0

.

Remark. It is important to note thatthus far no assumptions have been

made on the character of the temperature distribution in the interphase. For

the nonlinear cases, though, it is necessary to separately consider subcases of

monotonic and non-monotonic T (r), as they may lead to, generally speaking,

different sets of transmission conditions.

3.2.2 Special case II: case of thermal conductivity be-

ing dependant on temperature

Considering the case of non-linear thermal conductivity, I took the following

representations

Q̃ = Q̃(ξ, φ, t), k̃ = k̃(T, φ, t)m(ξ, φ, t).

Note that this expression for conductivity is sufficiently general, as it also

includes the case of k̃ = k̃(T, φ, t) if m(ξ, φ, t) = 1. Equation (3.15) now

takes the form:

∂

∂ξ

( k̃(T )m(ξ)

h̃
T ′
)
= −h̃(n0

ξ(φ))
2Q̃(ξ). (3.34)

3.2.2.1 Assuming monotonic temperature within the interphase

In this subcase it suffices to follow the same steps as in the previously consid-

ered linear case. Using the introduced auxiliary function Φ−(ξ, φ, t) (3.23),
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I integrated (3.34) to obtain

k̃(T, φ, t)m(ξ, φ, t)

h̃
T ′ = −h̃(n0

ξ(φ))
2Φ−(ξ, φ, t) + C2(φ, t), (3.35)

where

C2(φ, t) =
k̃(T−, φ, t)m(−1

2
, φ, t)

h̃
T ′
− = −q−n

0
ξ(φ). (3.36)

From ξ = 1
2
comes the first condition

q+ − q− = h̃(φ)n0
ξ(φ)Φ−(

1

2
, φ, t). (3.37)

Note that this condition is essentially the same as the first transmission

condition in the linear case.

For obtaining the second condition, it is necessary to integrate

k̃(T )

h̃
T ′ = −h̃(n0

ξ(φ))
2Φ−(ξ, φ, t)

m(ξ, φ, t)
− q−n

0
ξ(φ)

m(ξ, φ, t)
. (3.38)

At this point, we make use of the assumed monotonicity of the temper-

ature to change the variable of intergration in the left-hand side. I also

introduced more auxiliary functions as follows

Θ±(T, φ, t) =

∫ T

T±

k̃(z, φ, t)dz, (3.39)

Ψ±(ξ, φ, t) =

∫ ξ

± 1

2

Φ±(z, φ, t)

m(z, φ, t)
dz, (3.40)

Ξ±(ξ, φ, t) =

∫ ξ

± 1

2

dz

m(z, φ, t)
. (3.41)

Then

1

h̃(φ)
Θ−(T, φ, t) = −h̃(φ)(n0

ξ(φ))
2Ψ−(ξ, φ, t)− q−n

0
ξ(φ)Ξ−(ξ, φ, t) + C3(φ, t),

(3.42)
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with C3(φ, t) vanishing once we substitute the values at the inner bound-

ary of the interphase

C3(φ, t) =
1

h̃(φ)
Θ−(T−, φ, t) = 0. (3.43)

This results, upon the substitution of ξ = 1
2
, T = T+, q = q+, in the

second transmission condition

Θ(T+, φ, t) = −h̃2(φ)(n0
ξ(φ))

2Ψ
(1
2
, φ, t

)
− q−h̃(φ)n

0
ξ(φ)Ξ

(1
2
, φ, t

)
. (3.44)

Special case (2a): constant heat source and thermal conductivity

This case has already been discussed in 3.2.1, and substituting constant val-

ues into (3.39) and (3.44) yields the same result.

Special case (2b): constant heat source, nonlinear thermal conduc-

tivity

Here, I consider the case of Q̃ = Q̃0, k̃ = k̃0 + k̃1T̃ . As was previously

mentioned, the first transmission condition is the same for this subcase as

for the preceding one. In the meantime, the second transmission condition

(3.44) gets the view

k̃0(T+ − T−) +
k̃1
2
(T 2

+ − T 2
−) = h̃(φ)n0

ξ(φ)q− +
h̃2(φ)(n0

ξ(φ))
2

2
Q̃0. (3.45)

3.2.2.2 Transmission conditions without additional assumptions

on monotonicity

We made an assumption that T is monotonic. However, it is also possi-

ble to obtain transmission conditions in the more general case of T having

an extremal point within the interphase. This point is, generally speaking,

not unique, but the assumption that there aren’t multiple sources or sinks

within the interphase, i.e. either Q ≥ 0 or Q ≤ 0, rules out the otherwise
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possible existence of multiple points of extremum. Therefore, for any chosen

values φ and t there is inside the interphase an only point ξ = ξ∗(φ, t) in

which the temperature reaches its extremal value T∗ = T∗(φ, t). The domain

(−1/2, 1/2) is hence divided by this point of extremum into two intervals,

(−1/2, ξ∗) and (ξ∗, 1/2).

Then integrating (3.34) in these two different domains gives

k̃(T, φ, t)m(ξ, φ, t)

h̃(φ)
T ′ = −h̃(φ)(n0

ξ(φ))
2Φ+(ξ, φ, t)− q+n

0
ξ(φ),

k̃(T, φ, t)m(ξ, φ, t)

h̃(φ)
T ′ = −h̃(φ)(n0

ξ(φ))
2Φ−(ξ, φ, t)− q−n

0
ξ(φ). (3.46)

Here the auxiliary functions are the same as introduced while discussing

the previous subcases, i.e. (3.23).

I then considered these expressions at the common point ξ∗. Taking

into account that at the point of temperature’s extremum T ′
∗ = 0, one gets,

obviously,

h̃(φ)Φ+(ξ∗, φ, t) = − q+
n0
ξ(φ)

,

h̃(φ)Φ−(ξ∗, φ, t) = − q−
n0
ξ(φ)

, (3.47)

which leads to the first transmission condition

Φ−1
+

( q+

n0
ξ(φ)h̃(φ)

)
= Φ−1

−

( q−

n0
ξ(φ)h̃(φ)

)
. (3.48)

Both sides of this formula can also be used for finding the point ξ∗. Now,

following the process analagous to the previous subcases, we integrate (3.47)

using the auxiliary functions (3.39) introduced in the preceding subsection,

where monotonicity was assumed.

and get

1

h̃(φ)
Θ+(T, φ, t) = −h̃(φ)(n0

ξ(φ))
2Ψ+(ξ, φ, t)− q+n

0
ξ(φ)Ξ+(ξ, φ, t),

1

h̃(φ)
Θ−(T, φ, t) = −h̃(φ)(n0

ξ(φ))
2Ψ−(ξ, φ, t)− q−n

0
ξ(φ)Ξ−(ξ, φ, t). (3.49)
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Substituting the values in the extremal point (ξ = ξ∗, T = T∗), which is

common for both intervals, one gets the second transmission condition

Θ−1
+

(
− h̃2(φ)(n0

ξ(φ))
2Ψ+(ξ∗, φ, t)− q+h̃(φ)n

0
ξ(φ)Ξ+(ξ∗, φ, t)

)
=

= Θ−1
−

(
− h̃2(φ)(n0

ξ(φ))
2Ψ−(ξ∗, φ, t)− q−h̃(φ)n

0
ξ(φ)Ξ−(ξ∗, φ, t)

)
. (3.50)

Remark. The existence of the inverse functions Θ−1
± is justified by the

monotonicity of T in the respecive subdomains.

(3.50) is also the formulae of the extremal value of the temperature:

T∗ = Θ−1
+

(
− h̃2(φ)(n0

ξ(φ))
2Ψ+(ξ∗, φ, t)− q+h̃(φ)n

0
ξ(φ)Ξ+(ξ∗, φ, t)

)

or

T∗ = Θ−1
−

(
− h̃2(φ)(n0

ξ(φ))
2Ψ−(ξ∗, φ, t)− q−h̃(φ)n

0
ξ(φ)Ξ−(ξ∗, φ, t)

)
.

Note that the cases of q± = 0 are only possible when the temperature

within the interphase is monotonic. To verify this, one can consider (3.47)

with zero heat flux and see that Φ±(ξ∗, φ, t) vanishes.

3.2.2.3 Special case (2c): constant heat source and thermal con-

ductivity

Using the results from the previous subsection one can see that, under the

assumption of both Q̃ and k̃ being constant, transmission conditions (3.48)

and(3.50) will take the form

q+

n0
ξ(φ)h̃(φ)Q̃0

− 1

2
=

q−

n0
ξ(φ)h̃(φ)Q̃0

+
1

2
, (3.51)

k̃0(T+ − T−) =
q2+ − q2−

2(n0
ξ(φ))

2Q̃0

,

equivalent to the one already obtained in 3.2.1.
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3.2.2.4 Special case (2d): constant heat source, nonlinear thermal

conductivity

Considering another special instance with Q̃ = Q̃0, k̃ = k̃0 + k̃1T̃ , the first

transmission condition remains the same as in the previous special case, while

(3.50) will take the form

k̃0(T+ − T−) +
k̃1
2

(
T 2
+ − T 2

−

)
= −q2+ − q2−

2Q̃0

. (3.52)

Again, these expressions are equivalent to the transmission conditions

obtained in (3.45).

3.2.3 Special case III: case of temperature-dependent

heat source and thermal conductivity

Finally I assumed that both thermal conductivity and heat source are func-

tions of the temperature, yet independent of the coordinate ξ

Q̃ = Q̃(T, φ, t), k̃ = k̃(T, φ, t)

This case will be later on called Case III.

In the case considered, equation (3.15) can be written as:

∂

∂ξ

( k̃(T, φ, t)
h̃(φ)

∂T

∂ξ

)
+ h̃(φ)Q̃(T, φ, t) = 0, (3.53)

where T is actually T = T (ξ, φ, t).

This equation is evidently equivalent to:

k̃′(T )(T ′)2 + kT ′′ = HQ(T ), (3.54)

where H = −h̃2(φ)(n0
ξ(φ))

2.

Similarly to Case II, the subcases of assumed monotonicity of temperature

distribution and of T without such additional assumption were considered

separately.
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3.2.3.1 Case of monotonic temperature within the interphase

As I first assumed that within the interphase the temperature depends on

the coordinates monotonically,

∂

∂ξ
T (ξ, φ, t) 6= 0. (3.55)

In this case the general equation to be solved is

k̃′(T )(T ′)2 + k̃(T )T ′′ = HQ(T ). (3.56)

In effect, this is a second-order differential equation

T ′′ =
H̃

k̃
Q(T ), (3.57)

which can be solved, assuming that an inverse function to T exists, by

substituting

p(T ) = T ′. (3.58)

Note that the existence of the inverse function follows from the monotonic-

ity of the function T , thus making assumption (3.55) essential for solving the

equation.

With the substition made, the order of the equation to solve is reduces

as it becomes a first-order equation

p(T )p′(T ) +
k̃′(T )

k̃(T )
p2(T )−H

Q̃(T )

k̃(T )
= 0. (3.59)

As p(T ) = T ′ 6= 0, this equation can be rewritten as a Bernoulli equation:

p′(T ) +
k̃′(T )

k̃(T )
p(T )−H

Q̃(T )

k̃(T )
p−1(T ) = 0, (3.60)

which is solved by introducing

u(T ) = p2(T ). (3.61)
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This substitution leads to a first-order linear equation:

u′(T ) + 2
k̃′(T )

k̃(T )
u(T )− 2H

Q̃(T )

k̃(T )
= 0, (3.62)

for which the solution can be found as

u(T ) = exp(−2

∫ T

T−

k̃′(T )

k̃(T )
dT )

(
u(T−) + 2H

∫ T

T−

Q̃(T )

k̃(T )
exp(2

∫ T

T−

k̃′(T )

k̃(T )
dT )dT

)
=

(3.63)

=
( k̃(T−)

k̃(T )

)2(
u(T−) +

2H

k̃2(T−)

∫ T

T−

k̃(T )Q̃(T )dT
)
. (3.64)

Coming back to the initial notation, I obtained, having thus lowered the

order of the differential equation,

k̃2(T )(T ′)2 = k̃2(T−)(T
′
−)

2 + 2HΦ−(T ), (3.65)

where the functions Φ±(T ) are introduced, similarly to the auxiliary func-

tions in the previous cases, as

Φ±(T ) =

∫ T

T±

k̃(z)Q̃(z)dz. (3.66)

This, in fact, gives immediately the first transmission condition

(q+)
2 − (q−)

2 = −2Φ−(T+). (3.67)

Before proceeding to the other transmission condition, I make an impor-

tant notice that the following condition is imposed:

Q̃(T )(T+ − T−) ≤ 0, (3.68)

or, equivalently,

(q±)
2 ≥ 2Φ±(T ). (3.69)

Now the second condition is obtained from the equation

k̃(T )T ′ = −
√
−H

√
(q−)2 − 2Φ−(T ), (3.70)
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which is a transformation of (3.65) to a view that is more convenient to use.

By integrating

k̃(T )T ′

√
(q−)2 − 2Φ−(T )

= −h̃(φ)n0
ξ(φ) (3.71)

and introducing the auxiliary functions

Υ±(T ) =

∫ T

T±

k̃(z)√
(q±)2 − 2Φ±(z)

dz, (3.72)

one gets

Υ−(T ) = −h̃(φ)n0
ξ(φ)

(
ξ +

1

2

)
. (3.73)

In the end, after substituting the values of coordinate, temperature and

heat flux at the outer boundary of the interphase, the second transmission

condition is obtained in the form

Υ−(T+) = −h̃(φ)n0
ξ(φ) (3.74)

if q− 6= 0. In the case of q− = 0 we carry out an analogous procedure to

obtain the second condition is

Υ+(T−) = h̃(φ)n0
ξ(φ). (3.75)

Then the first condition can by analogy be replaced by

(q+)
2 − (q−)

2 = 2Φ+(T−). (3.76)

3.2.3.2 Special case (3a): constant heat source and thermal con-

ductivity

In the special case when both mentioned parameters are constant, the trans-

mission conditions take the following form:

q2+ − q2− = k̃0(2Q̃0(T− − T+), (3.77)

k̃0(T+ − T−) =
Q̃0h̃

2(φ)

2
+ h̃(φ)q+n

0
ξ(φ). (3.78)

After some simplifications these conditions can be transformed to the same

form (3.33) as in Section 3.2.1.
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3.2.3.3 Special case (3b): constant heat source, nonlinear thermal

conductivity

Here I again consider the situation with Q̃ = Q̃0, k̃ = k̃0 + k̃1T . Substituting

the following auxiliary functions

Φ−(T ) = Q̃0(k̃0(T − T−) +
k̃1
2
(T 2 − T 2

−)), (3.79)

Υ−(T ) =
1

(n0
ξ(φ))

2Q̃0

(
√
q2− − (n0

ξ(φ))
2Q̃0(T − T−)(2k̃0 + k̃1(T 2 − T 2

−))− q−).

(3.80)

into (3.90), (3.96) and simplifying the results, one obtains the transmission

conditions in the form

q+ + q− = −n0
ξ(φ)

h̃(φ)
(T+ − T−)(2k̃0 + k̃1(T+ + T−)), (3.81)

q+ − q− = Q̃0h̃(φ)n
0
ξ(φ). (3.82)

Again, trivial transformations bring these to the same view as (3.45).

3.2.3.4 Special case (3c): nonlinear heat source, constant thermal

conductivity

Considering the situation of Q̃(T ) = Q̃0(T̃ + β), k̃ = k̃0, it is important

to ensure that the thermal source does not vanish, and for this reason I

assumed that β only takes non-negative values. Furthermore, the second

transmission condition is obtained in different form for positive or negative

Q̃0. Simplifying the result of the substitution of the expressions for thermal

source and conductivity into (3.90) leads to the following form of the first

transmission condition:

k̃0Q̃0(2β(T− − T+) + (T 2
− − T 2

+)) = q2+ − q2−. (3.83)
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Meanwhile, the same substitution into (3.96) transforms it into

q2− + k̃0Q̃0(T− + β)2√
k̃0Q̃0

sin
(
− h̃(φ)n0

ξ(φ)

√
Q̃0

k̃0

)
=

= (T+ + β)|q−| − (T− + β)

√
q2− + k̃0Q̃0((T− + β)2 − (T+ + β)2), (3.84)

in case of heat source, or
√

−k̃0Q̃0(T+ + β) +

√
q2− − k̃0Q̃0((T+ + β)2 − (T− + β)2) =

= (

√
−k̃0Q̃0(T− + β)− |q−|) exp

(
− h̃n0

ξ(φ)

√

−Q̃0

k̃0

)
(3.85)

for the case of heat sink.

3.2.3.5 Case of non-monotonic temperature within the interphase

Similarly to the line of reasoning followed while considering Case II, I took

ξ = ξ∗ as the unique point where the temperature takes its extremal value,

and split the domain into two parts, (−1
2
, ξ∗), (ξ∗,

1
2
). Then solving the dif-

ferential equation (3.34) leads to

k̃2(T )(T ′)2 = k̃2(T±)(T
′
±)

2 + 2HΦ±(T ), (3.86)

in the respective parts of the domain.

The auxiliary functions Φ±(T ) are defined in the same way as for the

above subcase of monotonic temperature distribution (3.66).

Substituting the temperature value in the common point of the two in-

tervals gives

k̃2(T )(T ′
∗)

2 = k̃2(T±)(T
′
±)

2 + 2HΦ±(T∗)). (3.87)

As the left sides vanish (due to T ′
∗ = 0), one can rewrite these equations

as

k̃2(T+)(T
′
+)

2

−H
= 2Φ+(T∗),

k̃2(T−)(T
′
−)

2

−H
= 2Φ−(T∗), (3.88)
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which, in turn, gives from (3.17)

q2+ = 2Φ+(T∗), q2− = 2Φ−(T∗). (3.89)

From any of these two formulae one can express the unknown value of T∗.

Equating these expressions results in the first transmission condition

Φ−1
+

(q2+
2

)
= Φ−1

−

(q2−
2

)
. (3.90)

For obtaining the second transmission I followed the steps analogous to

those in the monotonic case and, first of all, rewrite (3.86) as

k̃(T )T ′ = −q±h̃(φ)n
0
ξ(φ)

√
1− 2Φ±(T )

(q±)2
. (3.91)

for the corresponding parts of the initial domain.

It should be mentioned at this point that, like in Case II, q+ and q− are

never equal to zero unless the temperature within the interphase is mono-

tonic. Assuming additionally that

(q±)
2 > 2Φ±(T ), (3.92)

and using, by analogy with the case of monotonic temperature, the func-

tions Υ±(T ) in corresponding parts of the interphase, I got via integrating

equations (3.91)

Υ±(T ) = h̃(φ)n0
ξ(φ)

(
ξ ∓ 1

2

)
. (3.93)

In the common point of the domains ξ = ξ∗ (which corresponds to the

temperature value T = T∗) one has

1

h̃(φ)n0
ξ(φ)

Υ∓(T∗) = ξ∗ ∓
1

2
. (3.94)

These relations give

− 1

2h̃(φ)n0
ξ(φ)

(
Υ+(T∗) + Υ−(T∗)

)
= ξ∗, (3.95)
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from which one can compute the extremal point ξ∗, and

Υ−(T∗)−Υ+(T∗) = h̃(φ)n0
ξ(φ), (3.96)

i.e. the second transmission condition.

The fact that the point ξ∗ obtained from the relation (3.95) really is within

the interphase is easily checked by the following reasoning. Consider

(
ξ∗ −

1

2

)(
ξ∗ +

1

2

)
=
( k̃n0

ξ(φ)

h̃(φ)

)2Ψ1(T∗)Υ2(T∗)

q−q+
= (3.97)

=
( k̃n0

ξ(φ)

h̃(φ)

)2Ψ1(T∗)(T∗ − T−)Υ2(T∗)(T∗ − T+)

q−q+(T− − T∗)(T+ − T∗)
> 0,

q−q+ < 0 (3.98)

- follows from the fact that the heat flux changes its sign in ξ = ξ∗.

(T− − T∗)(T+ − T∗) < 0 (3.99)

-due T = T∗ being the extremal value of the temperature.

Finally,

(T − T−)Υ1(φ) > 0, (3.100)

(T − T+)Υ2(φ) > 0 (3.101)

- is obvious from the way Ψ1(T ),Ψ2(T ) were introduced.

which demonstrates that ξ∗ belongs to the interphase.

By definition of the functions Φ+,Φ− and due to the temperature being

monotonic (and hence T bijective) in the domains that the initial domain is

split into, one can see that, should there be more than one extremal point

(ξ1, ξ2, etc.), these points either coincide, or the heat source Q identically

vanishes within the domain. As the latter is not true, one can conclude that

there’s a unique point ξ∗ where the heat flux changes its sign.
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Remark. Considering two special subcases with constant heat

source/sink, to be precise, the case of Q̃(T ) = Q̃0, k̃ = k̃0 and of

Q̃ = Q̃0, k̃ = k̃0 + k̃1T , leads to the same transmission conditions as in the

previously considered subcases with assumed monotonic temperature distri-

bution, i.e. (3.77) and (3.81) respectively.

3.2.3.6 Special case (3d): nonlinear heat source, constant thermal

conductivity

Here, for Q̃(T ) = Q̃0(T̃ + β), k̃ = k̃0, the first transmission condition

coincides with the one obtained with assumed monotonicity of T (r) (3.83).

The form of the second condition, on the contrary, proves to be different if

we eliminate the assumption of monotonicity, and, in case of heat source, is
√

k̃0Q̃0(|q−|(T+ + β)− |q+|(T− + β)) =

=

√
(q2+ + k̃0Q̃0(T+ + β)2)(q2− + k̃0Q̃0(T− + β)2) sin

(
− h̃(φ)n0

ξ(φ)

√
Q̃0

k̃0

)
,

(3.102)

whilst for heat sink it is

exp
(
− h̃(φ)n0

ξ(φ)

√

−Q̃0

k̃0

)
=

√
−k̃0Q̃0(T− + β)2 − q2−

(√
−k̃0Q̃0(T+ + β)− |q+|

)

√
−k̃0Q̃0(T+ + β)2 − q2+

(√
−k̃0Q̃0(T− + β)− |q−|

) .

(3.103)

3.2.4 Transmission conditions for an almost circular

interphase

First of all, I considered the example of an interphase of circular/almost

circular shape as the one more commonly encountered in applications. In

this case the interphase is bounded by two curves described as

r = r±. (3.104)
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One can easily make the observation that the center line Γ0, defined by

the equation

r = r0 =
1

2
(r+ + r−), (3.105)

is then in polar coordinates just a constant r0, i.e. a perfect circle. Clearly

it follows that the coefficient r′0(φ) is found to be equal to zero. This fact

greatly simplifies most of the expressions and thus makes it possible to put the

transmission conditions in a more compact form. For this reason, I decided

to dedicate a separate subsection to these representations, as it is convenient

to see them explicitly.

I should first bring to one’s attention that in the described situation the

boundary value problem to solve after rescaling is

1

r

∂

∂r

(
kr

∂T

∂r

)
+Q = 0. (3.106)

Here I have made use of the simplified asymptotic form of the normal

vector

n± = [1, 0]. (3.107)

The functions Φ±,Ψ±,Θ± are, unless otherwise stated, introduced in the

same way as in the corresponding previous cases, with φ being eliminated

from the parameters. The resulting formulae are the following:

I linear heat source and thermal conductivity (Q̃ = Q̃(ξ), k̃ = k̃(ξ)):

q+ − q− = h̃(φ)Φ
(1
2
, φ, t

)
, (3.108)

T+ − T− = −h̃(φ)q−Ξ
(1
2
, φ, t

)
− h̃2(φ)Ψ

(1
2
, φ, t

)
. (3.109)

II linear heat source, nonlinear thermal conductivity (Q̃ = Q̃(ξ), k̃ =

k̃(T )m(ξ)):

If the temperature is assumed to be monotonic:

q+ − q− = h̃(φ)Φ
(1
2
, φ, t

)
, (3.110)

Θ(T+, T−, φ, t) = −h̃2(φ)Ψ
(1
2
, φ, t

)
− q−h̃(φ)Ξ

(1
2
, φ, t

)
. (3.111)

43



If there are no assumptions on the monotonicity of the temperature,

then

Φ−1
+

(
−q+

/
h̃(φ)

)
= Φ−1

−

(
−q−

/
h̃(φ)

)
, (3.112)

Θ−1
+

(
− q+h̃(φ)Ξ+(ξ∗, φ, t)− h̃2(φ)Ψ+(ξ∗, φ, t)

)
=

Θ−1
−

(
− q−h̃(φ)Ξ−(ξ∗, φ, t)− h̃2(φ)Ψ−(ξ∗, φ, t)

)
. (3.113)

III nonlinear heat source and thermal conductivity (Q̃ = Q̃(T ), k̃ = k̃(T )):

If the temperature is assumed to be monotonic:

(q+)
2 − (q−)

2 = −2Φ−(T+), (3.114)

Υ−(T+) = −h̃. (3.115)

However, if q− = 0, then q+ 6= 0, and the alternative transmission

conditions are used:

(q+)
2 − (q−)

2 = 2Φ+(T−), (3.116)

Υ+(T−) = h̃, (3.117)

If there are no assumptions on the monotonicity of the temperature,

then

Φ−1
−

(q2−
2

)
= Φ−1

+

(q2+
2

)
, (3.118)

Υ+(T∗)−Υ−(T∗) = h̃, (3.119)

For the following particular cases, I wrote explicit formulae for practical

use:

(a) Q̃ = Q̃0, k̃ = k̃0:

q+ − q− = h̃(φ)Q̃0, (3.120)

k̃0(T+ − T−) = −q2+ − q2−

2Q̃0

. (3.121)
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(b) Q̃ = Q̃0, k̃ = k̃0T :

q2+ − q2− = −Q̃0k̃0(T
2
+ − T 2

−), (3.122)

q+ − q− = h̃Q̃0. (3.123)

(c) Q̃ = Q̃0, k̃ = k̃0 + k̃1T :

q2+ − q2− = −Q̃0(T+ − T−)(2k̃0 + k̃1(T+ + T−)), (3.124)

q+ − q− = h̃(φ)Q̃0. (3.125)

(d) Q̃(T ) = Q̃0(T̃ + β), k̃ = k̃0: In case the temperature is assumed to be

monotonic, and within the interphase there is heat source:

k̃0Q̃0(2β(T− − T+) + (T 2
− − T 2

+)) = q2+ − q2−,

(3.126)

q2− + k̃0Q̃0(T− + β)2√
k̃0Q̃0

sin
(
− h̃(φ)

√
Q̃0

k̃0

)
=

(T+ + β)|q−| − (T− + β)

√
q2− + k̃0Q̃0((T− + β)2 − (T+ + β)2).

(3.127)

In case of heat sink within the interphase, the second condition is re-

placed by:

T+ + β +

√
q2−

−k̃0Q̃0

+ ((T− + β)2 − (T+ + β)2) =
exp

(
h̃(φ)

√
− Q̃0

k̃0

)

√
k̃0Q̃0

.

(3.128)

In case no additional assumptions are made on monotonicity of the
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temperature within the interphase, and there is heat source:

k̃0Q̃0(2β(T− − T+) + (T 2
− − T 2

+)) = q2+ − q2−,

(3.129)
√
k̃0Q̃0(|q−|(T+ + β)− |q+|(T− + β)) =

√
(q2+ + k̃0Q̃0(T+ + β)2)(q2− + k̃0Q̃0(T− + β)2) sin

(
− h̃(φ)

√
Q̃0

k̃0

)
.

(3.130)

In case of heat sink within the interphase, the second condition is re-

placed by:

T− + β − q2−

−k̃0Q̃0

=
(
T+ + β − q2+

−k̃0Q̃0

)
exp

(
2h̃(φ)

√

−Q̃0

k̃0

)
. (3.131)

3.2.4.1 Explicit formulae for the circular interphase

It should be noted that none of the values depend on the angle φ, hence the

case can, in fact, be considered as a one-dimensional one. I also assume no

dependence on time for this case.

I linear heat source and thermal conductivity (Q̃ = Q̃(ξ), k̃ = k̃(ξ)):

q+ − q− = h̃Φ−

(1
2

)
, (3.132)

T+ − T− = h̃
(
− h̃Ψ−

(1
2

)
− q−Ξ−

(1
2

))
. (3.133)

II linear heat source, nonlinear thermal conductivity (Q̃ = Q̃(ξ), k̃ =

k̃(T )m(ξ)): If the temperature is assumed to be monotonic:

q+ − q− = h̃Φ
(1
2
, t
)
, (3.134)

Θ(T+) = h̃
(
− h̃Ψ−

(1
2

)
− q−Ξ−

(1
2

))
. (3.135)

46



If there are no assumptions on the monotonicity of the temperature,

then

Φ−1
−

(q−
h̃

)
= Φ−1

+

(q+
h̃

)
, (3.136)

Θ−1
+

(
− h̃2Ψ+(ξ∗)− q+h̃Ξ+(ξ∗)

)
= Θ−1

−

(
− h̃2Ψ−(ξ∗)− q−h̃Ξ−(ξ∗)

)
.

(3.137)

III nonlinear heat source and thermal conductivity (Q̃ = Q̃(T ), k̃ = k̃(T )):

If the temperature is assumed to be monotonic:

(q+)
2 − (q−)

2 = −2Φ−(T+), (3.138)

Υ−(T+) = −h̃. (3.139)

However, if q− = 0, then q+ 6= 0, and the alternative transmission

conditions are used:

(q+)
2 − (q−)

2 = 2Φ+(T−), (3.140)

Υ+(T−) = h̃, (3.141)

If there are no assumptions on the monotonicity of the temperature,

then

Φ−1
−

(q2−
2

)
= Φ−1

+

(q2+
2

)
, (3.142)

Ψ−(T∗)−Ψ+(T∗) = h̃, (3.143)

I also wrote closed-form formulae for several particular cases:

(a) Q̃ = Q̃0, k̃ = k̃0:

q+ − q− = h̃Q̃0, (3.144)

k̃0(T+ − T−) = −q2+ − q2−(
2Q̃0

)
. (3.145)
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(b) Q̃ = Q̃0, k̃ = k̃0T :

q2+ − q2− = −Q̃0k̃0(T
2
+ − T 2

−), (3.146)

q+ − q− = h̃Q̃0. (3.147)

(c) Q̃ = Q̃0, k̃ = k̃0 + k̃1T :

q2+ − q2− = −Q̃0(T+ − T−)(2k̃0 + k̃1(T+ + T−)), (3.148)

q+ − q− = h̃Q̃0. (3.149)
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3.3 Numerical examples and discussion

In order to verify the obtained transmission conditions, numerical compu-

tations for different examples and, in particular, different geometries, were

considered, as well as several verification techniques employed. First of all,

I provide here the simplest example of a circular interphase, as it is the only

case for which it was possible to solve the actual problem and therefore ver-

ify directly the accuracy of the model in which the imperfect interface is

accounted for by the derived conditions. Further, I proceeded to check the

accuracy for several interphases of almost circular shape, concentrating on

such geometries as they are the type one most frequently comes across in

real-life applications. Finally, I moved on to a fairly arbitrary shape of the

interphase that resembles a four-vertex star, somewhat from the universe of

Disney animations. Such shapes, however, are becoming widespread in novel

industrial applications ([1, 2, 13]). In connection to the numerical exam-

ples here considered, it proved quite useful for investigating the impact of

the interphase curvature on the accuracy of the transmission conditions ap-

proximation and indeed provided us with a situation similar to having edge

effects, even though, naturally, we don’t have edges in a closed curvilinear

shape. For these latter examples, in the absence of the exact solution, an

indirect method for verifying the accuracy was used. This approach consists

of taking the FEM-computed values of the temperature at the interphase

boundaries (it is demonstrated for the circular interphase that the temper-

ature values obtained through FEM are more reliable than the heat flux

values), substituting them into the transmission conditions and calculating

from the resulting equations the heat flux across the boundaries. These are

subsequently compared to the values of heat flux as computed by FEM. Do-

ing the same procedure for the simple case of a circular interphase, for which

the exact solution was found, allows to have a expected error and thus check

the accuracy also for the examples when the exact solution is not known.
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3.3.1 Two formulations of the interphase problem de-

scribed on the example of a circular domain

Solving the problem means finding the temperature distribution within in-

homogeneous cylindrical domains shown in Fig.3.1-a and Fig.3.1-b, which

correspond to the two formulations of the problem. The original one is es-

sentially the problem of finding the exact temperature profile within three

different perfectly bonded materials, the middle one being a thin interphase

in the shape of a ring (r− < r < r+). The second, simplified, formulation

corresponds to finding the temperature solution within a domain in which

the thin interphase has been replaced by imperfect interface of zero thickness

(r = r0 = r− = r+). Here the imperfect contact at this interface is defined

through the transmission conditions found in the previous chapter.They may

depend, as one remembers, on the assumptions made during the evaluation

(e.g. presumed monotonicity of the temperature).

One of the reasons for choosing this type of a domain was that I could, by

manipulating the initial conditions (values of temperatures at the external

boundaries and/or heat source distribution within the interphase), alternate

between the situations when the temperature is distributed monotonically

or non-monotonically within the interphase. This allowed to see whether or

not the transmission conditions derived with the assumption of monotonicity

fail to give an acceptable approximation in case this additional assumption

is violated. In the meantime, by using the transmission conditions obtained

with no additional assumptions I could make sure that they give the same

accuracy regardles of the character of temperature distribution within the

interphase.

Remark. Another type of the domain that was considered was similar to

the one in Fig.3.1-a, except it didn’t have a boundary inside, i.e. the inner

material filled the cylinder to the centre. However, the temperature solution

within such domain was found to be necessarily monotonic, and the results
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obtained were analogous to those described in the next sections for the case

of monotonic temperature distribution. For this reason I chose not to include

the details on this example into the present thesis, as it would be redundant.

(a) (b)

Figure 3.1: Domains with circular thin interphase (left) and corresponding

zero thickness imperfect interface (right).

As will be highlighted again further on, the two formulations are anal-

ogous also for the considered examples with the interphase not represented

by a perfect circle. In those examples, the almost circular interphase in the

original formulation still corresponds to a circular zero thickness interface

in the new formulation with the transmission conditions. Similarly, if the

curvilinear interphase in the original formulation does not have a shape close

to a circular one, in the simplified formulation the zero thickness interface

coincides with the centre line r0(φ) of the original interphase.

3.3.1.1 Modelling the original problem with a thin interphase

In the first formulation of the problem, the domain is naturally split into

three regions.

For the outer region (r ∈ [r+, R]) the heat equation is:

1

r

∂

∂r

(
k+r

∂T+

∂r

)
= 0, (3.150)
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where the boundary condition at external boundary (r = R) takes form:

T+(R) = T0, (3.151)

while the perfect transmission conditions between the materials at the bound-

ary (r = r+) are:

T+(r+) = T (r+), (3.152)

k+
∂

∂r
T+(r+) = ǫk̃

∂

∂r
T (r+). (3.153)

For the circular interphase (r ∈ [r−, r+]) the heat equation is:

1

r

∂

∂r

(
k̃r

∂T

∂r

)
+

1

ǫ2
Q̃ = 0, (3.154)

and the transmission conditions at the interface r = r− are:

T−(r−) = T (r−), (3.155)

k−
∂

∂r
T−(r−) = ǫk̃

∂

∂r
T (r−). (3.156)

Finally for the inner region r ∈ [r̂, r−] the heat equation is

1

r

∂

∂r

(
k−r

∂T−

∂r

)
= 0, (3.157)

where the temperature at this inner boundary is also predefined:

T−(0) = T̂ . (3.158)

Remark. In case the inner material fills the cylinder to the centre, the

corresponding region is described as r ∈ [0, r−]. The heat equation (3.157)

is still satisfied within such region, but the condition required is that the

temperature is bounded at the centre of the domain, i.e.

T−(0) < ∞. (3.159)
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3.3.1.2 Modelling the simplified problem containing imperfect in-

terface

For the modified formulation of the problem, equations (3.150) and (3.157)

remain the same within the inner and outer domains. So do the conditions

at the outer boundary (3.151) and at the centre of the cylinder: (3.158) or

(3.159).

At the same time, the thin interphase is replaced by the previously cal-

culated transmission conditions

F1(T+, T−, q+, q−) = 0, (3.160)

F2(T+, T−, q+, q−) = 0.

Various cases will be compared separately in the following section.

3.3.2 Solutions to the original and simplified formula-

tions of the problem in the circular domain

3.3.2.1 Parameter values and normalisation

The circular case corresponds to the case of n = 0, i.e. the interphase

is bounded by r+ = 1.01 and r− = 1 . The formulation of the problem

also requires initial conditions in form of fixed temperature at the external

boundaries of the material. Here, I set the temperature at the outer and

inner boundaries to T̂ = 295 and T0 = 300 respectively.

Working on the example of a circular interphase, I took the values of k+ =

k− = 237, as in [73], for the thermal conductivities of the external layers,

whereas the thermal conductivity of the interphase material was assumed to

be k0 = 0.2.

It should be underlined that in this case the asymptotic/rescaling param-

eter is ε = 0.01, and it is equal to the width of the interphase h. The choice

of the value of ε/h was due to the fact that the FEM computations failed for
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a narrower width of the interphase. At the same time, with the chosen value

it was possible to both obtain the desirable accuracy in the numerical model

and use the transmission conditions for the approximate mathematical model

with the zero thickness object replacing the original interphase.

In order to achieve the situation of monotonic and non-monotonic tem-

perature within the interphase, I varied the heat source. Here, Q(T, r) =

50(50+ T ) leads to monotonic temperature distribution, while for Q(T, r) =

500(50 + T ) the temperature reaches its peak value inside the interphase.

3.3.2.2 Exact solutions to the problem in its original formulation

To find the exact solution to the original problem, a system of differential

equations is compiled from (3.150),(3.157) and (3.158). Solving it gives the

temperature distribution in inner and outer material being of the form of:

T+(r) = C+
1 + C+

2 log r, (3.161)

T−(r) = C−
1 + C−

2 log r, (3.162)

and the temperature distribution within the interphase is:

T (r) = C0 +
√
f(r), (3.163)

where f(r) is a rational function (in some cases containing a logarithmic

term) with the coefficients and the powers of r depending on the expressions

for k and Q.

The function T (r) can be either monotonic or non-monotonic, depending

on whether there’s an extremal point of T (r) that lies in the interphase or

not.

For the numerical values described in this example, the solution in the

corresponding parts of the domain T+(r), T (r), T−(r) are (approximately to
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the order of 10−3)

T−(r) = 299.981− 0.028 log r, T+(r) = 295.311− 0.766 log r,

T (r) = −50 − 1374.13J0(15.8114r) + 1075.84Y0(15.8114r).

This is the solution in case Q(T, r) = 50(50 + T ), which gave T (r) that

is monotonic in the interphase region. Meanwhile for Q(T, r) = 500(50 + T )

the function T (r) is non-monotonic in the interphase; in this case I found the

full solution to be

T−(r) = 302.292 + 3.306 log r, T+(r) = 296.728− 4.262 log r,

T (r) = −50 + 2174.96J0(50r)− 2354.58Y0(50r).

Here and further, I have used the conventional notation of J0, Y0 for the

Bessel functions of the first and second kind.

3.3.2.3 Exact solutions to the simplified formulation of the prob-

lem

Considering this formulation, transmission conditions (3.90), (3.96) are used

to replace the actual interphase. Adding these two conditions to (3.150),

(3.151), (3.157), (3.158) leads to a system of differential equations (which

is, in essence, a system of two boundary value problems). By solving it, I

obtained the solution for the temperature profiles in the following form:

T1(r) = C
(1)
1 + C

(1)
2 log r, (3.164)

T2(r) = C
(2)
1 + C

(2)
2 log r, (3.165)

where T1(r) is the solution of the simplified problem within the outer mate-

rial, and T2 the temperature distribution within the inner material for the

simplified formulation. In the part of the domain geometrically correspond-

ing to the interphase region in the original formulation, the temperature is
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given by the asymptotic approximation T0 of the exact solution T within the

interphase can be evaluated from (3.49).

For the numerical values described in this example, the temperatures

evaluated for the simplified problem are (approximately to the order of 10−3),

with the monotonic tempetature within the interphase,

T2(r) = 299.982− 0.026 log r, T1(r) = 295.312− 0.769 log r,

T̃ (r) = −50 + 345.304 cos(−15.811r + 15.97)− 57.063 sin(−15.811r + 15.97),

and in the case of non-monotonic temperature in the interphase

T2(r) = 302.289 + 3.303 log r, T1(r) = 296.731− 4.27 log r,

T̃ (r) =





−50 + 352.289 cos(50.5− 50r) + 78.273 sin(50.5− 50r),

−50 + 346.689 cos(50.5− 50r)− 100.205 sin(50.5− 50r),

where the solution within the interphase region T̃ (r) has two branches,

each corresponding to one of the intervals into which this region was split,

r− ≤ r ≤ r∗ and r∗ ≤ r ≤ r+. Here r∗ is the extremum point, found from

the above mentioned formula (3.95). I should note that using this formula

in the case when the actual solution to the original problem is monotonic

provides the closest point outside the interphase, that is a local extremum

of the extended function T̃ (r). For the case considered, an extension of the

function T (r) that has no extremum functions inside the interphase region

does reach a maximum at ξ∗ ≈ 0.9999 < 1. At the same time, the maximum

point found through the formula (3.90) is also approximately 0.9999.

Considering the example of non-monotonic temperature within the inter-

phase, T (r) has a maximum at 1.004. The respective asymptotic approxi-

mation T̃ , too, has a maximum at approximately 1.004.
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3.3.3 Numerical results for the domain with the circu-

lar interphase

In this section, the numerical results are analysed in order to demonstrate

that the model using transmission conditions accurately approximates the

solution to the original problem.

3.3.3.1 Case of monotonic temperature in the interphase

Having solved the problem analytically both in its original and simplified

formulations, I found the numerical solution to the original problem using

the FEM software COMSOL Multiphysicsr version 4.3b. Initally I used

different options for the mesh, from normal to extremely fine, but since the

difference in the solutions for different meshes was negligible, I only used the

extremely fine mesh data for further analysis.

All the three solutions: the exact solution of the original problem, its

approximation as the exact solution to the simplified problem, and the nu-

merical solution obtained in COMSOL, are plotted together in Fig.3.2a with

the solid line, circular markers and diamond markers respectively. To show

the temperature within the interphase region, Fig.3.2b provides a close-up

plot. The difference between the three solutions cannot be distinguished

by sight, as the two approximations perfectly match the plot of the exact

solution.

The exact errors, both absolute (∆) and relative (δ) are found in

Table.3.1. The notations adopted here are TI for the exact solution of the

simplified formulation of the problem with the transmission conditions, TII

for the COMSOL-computed numerical solution, and r∗ for the extremum

point evaluated via transmission conditions. As in the case considered the

temperature was monotonic, this maximum was, in fact, reached at one of

the boundaries.

57



(a) (b)

Figure 3.2: The analytical solution (solid line), COMSOL solution (diamond

markers) and the solution to the simplified problem with the imperfect in-

terface (circular markers) for the case of monotonic T (r).

∆T1 δT1 ∆T2 δT2 ∆r∗ δr∗

0.007 2.33 ∗ 10−5 0.002 6.78 ∗ 10−6 1.86 ∗ 10−5 1.86 ∗ 10−5

Table 3.1: Errors for the exact solution of the simplified problem with the

transmission condition (T1), numerical (COMSOL) solution (T2) and the

evaluated maximum point (r∗) for the case of monotonic temperature within

the interphase

3.3.3.2 Case of non-monotonic temperature in the interphase

Here, just as for the case of monotonic temperature within the interphase,

three solutions were compared: the exact solution to the original problem, the

exact solution to the simplified formulation with the transmission conditions,

and the approximate numerical solution computed in COMSOL (again, using

the extremely fine mesh option). Fig.3.3a and Fig.3.4b show these three so-

lutions together, plotted over the entire range and over the interphase region,

using the same graphic notation as in the preceding example with monotonic
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temperature. Due to the perfect match between the exact solution and its

two approximations, it is perhaps more informative to refer to Table.3.2 for

the numerical values of the corresponding errors for temperatures and the

location of the extremum point within the interphase.

(a) (b)

Figure 3.3: The analytical solution (solid line), COMSOL solution (diamond

markers) and the solution to the simplified problem with the imperfect in-

terface (circular markers) for the case of non-monotonic T (r).

∆T1 δT1 ∆T2 δT2 ∆r∗ δr∗

0.014 4.65 ∗ 10−5 0.030 9.82 ∗ 10−5 5 ∗ 10−6 4.98 ∗ 10−6

Table 3.2: Errors for the exact solution of the simplified problem with the

transmission condition (T1), numerical (COMSOL) solution (T2) and the

evaluated maximum point (r∗) for the case of non-monotonic temperature

within the interphase

3.3.3.3 Verification of transmission conditions for the circular in-

terphase

The numerical examples above prove the efficiency of the described method

of replacing the interphase in the model with the transmission conditions, as
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such approximation is accurate enough. Specifically, the relative error is of

order O(h2) where h is the interphase thickness. While FEM often crashes

with the decreasing of the interphase width, and, consequently, the elements

of the mesh, the model with the imperfect interface still has the relative error

of order O(h2).

A further, more direct, way to analyse the accuracy of the transmission

conditions was employed, as it is necessary to have a benchmark for the fol-

lowing examples with interphases of more complicated geometries, for which

there was no possibility to merely find the exact solution and conduct the

same model verification procedure. In brief, in order to verify the transmis-

sion conditions for the circular interphase I substituted the known solution

into the transmission conditions (3.83), (3.84)and (3.102) and then evalu-

ated the relative errors between the sides of the resulting equations, using

the following formulae

δ
(m)
i =

|LHS
(m)
i − RHS

(m)
i |

min(|LHS
(m)
i |, |RHS

(m)
i |)

, δ
(nm)
i =

|LHS
(nm)
i −RHS

(nm)
i |

min(|LHS
(nm)
i |, |RHS

(nm)
i |)

,

(3.166)

where the lower index i = 1, 2 stands for the first and second transmission

conditions and the upper one, (m) or (nm) indicates whether or not this

condition was derived with assumed monotonicity. Since the first conditions

in both sets coincide, it is obvious that δ
(m)
1 = δ

(nm)
1 . The explicit expressions
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substituted into (3.166) are as follows:

LHS
(m)
1 = LHS

(nm)
1 = k̃0Q̃0(n

0
ξ(φ))

2(2β(T− − T+) + (T 2
− − T 2

+)),

RHS
(m)
1 = RHS

(nm)
1 = q2+ − q2−,

LHS
(m)
2 =

q2− + k̃0Q̃0(n
0
ξ(φ))

2(T− + β)2

n0
ξ(φ)

√
k̃0Q̃0

sin
(
− h̃(φ)

√
Q̃0

k̃0

)
,

RHS
(m)
2 = (T+ + β)|q−| − (T− + β)

√
q2− + k̃0Q̃0(n

0
ξ(φ))

2((T− + β)2 − (T+ + β)2),

LHS
(nm)
2 =

√
k̃0Q̃0n

0
ξ(φ)(|q−|(T+ + β)− |q+|(T− + β)),

RHS
(nm)
2 = sin

(
− h̃(φ)

√
Q̃0

k̃0

)

∗
√

(q2+ + k̃0Q̃0(n
0
ξ(φ))

2(T+ + β)2)(q2− + k̃0Q̃0(n
0
ξ(φ))

2(T− + β)2).

Such analysis has shown that both sets of conditions have good precision

of the orders 10−2 – 10−4. Table.3.3 gives the exact values of the evaluated

errors.

relative errors δ
(m)
1 δ

(m)
2 δ

(nm)
2

monotonic T (r) 0.007 0.003 0.005

non-monotonic T (r) 0.014 0.0008 0.0005

Table 3.3: Precision of the transmission conditions, verified by substituting

into them the exact solutions.

3.3.3.4 Physical parameters along the boundaries of the inter-

phase

While solving the problem, both in its original and simplified formulations,

I considered it as a one-dimensional one. Therefore, the values of the tem-

perature at a point of the interphase boundary and the heat flux across it
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are constant along the whole boundary for both solutions. However, this

is not true for the numerical FEM-solution. The latter phenomenon can

be easily explained by the distribution of mesh elements in the COMSOL

model, which is not uniform even if the problem is axisymmetric. This

non-uniformity causes certain fluctuation of the physical values along the

boundaries, and, for an evident reason, these values may vary for different

meshes. Fig.3.4a-3.4d picture these fluctuating values alongside the constant

solutions to the original and simplified problems, and the dependance on the

mesh can be clearly seen (diamond markers represent the values obtained

with the ’extremely fine mesh’ option, x-shaped markers stand for ’normal

mesh’).

The temperature fluctuates less significantly than the heat flux. Having

therefore presumed that the COMSOL solution is more reliable in terms of

temperature rather than heat flux, I proceeded to verify the accuracy of the

finite element model with the help of the transmission conditions as compared

to the accuracy of the approximation by the solution obtained with the help

of the transmission conditions. For this, I compared in the points along

the boundaries of the interphase the exact heat flux with the one evaluated

from the simplified problem with the transmission conditions (q̃±) and with

the FEM-evaluated heat fluxes. The maximum absolute and relative errors

are collected in Tables.3.4-3.5 and show that the transmission conditions

model has the accuracy of the same order or smaller than the finite element

model. It should be noted that models with different mesh options were also

compared, and in the tables ’f.m.’ and ’n.m.’ are used to denote ’extremely

fine mesh’ and ’normal mesh’ COMSOL options respectively.

Apart from the comparison of the precision of the imperfect interface

model as opposed to the finite element one, several interesting conclusion

can be made regarding the different versions of the latter. In particular, we

can see that using the ’normal mesh’ in this case actually gave more accurate

values than the ’extremely fine mesh’. This means that refining the mesh
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(a) (b)

(c) (d)

Figure 3.4: The exact heat flux (solid line), the heat flux evaluated from

the simplified problem with the imperfect interface conditions (dashed), and

the COMSOL-modelled heat flux (diamond markers for extremely fine mesh,

x-markers for normal mesh) along the boundaries, in the cases of monotonic

(a-b) and non-monotonic (c-d) T (r) distributions.

∆q̃+ δq̃+ ∆q+, f.m. δq+, f.m. ∆q+, n.m. δq+, n.m.

M 0.6 0.003 0.5 0.003 0.528 0.003

N-M 1.9 0.002 9.0 0.009 8.995 0.009

Table 3.4: Errors for the heat flux at the outer boundary of the interphase.
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∆q̃− δq̃− ∆q−, f.m. δq−, f.m. ∆q−, n.m. δq−, n.m.

M 0.3 0.052 0.56 0.09 0.07 0.01

N-M 0.8 0.001 8.87 0.01 0.64 0.001

Table 3.5: Errors for the heat flux at the inner boundary of the interphase.

and increasing the number of its points does not necessarily imply a better

precision of the model, and, in turn, underlines the difficulty of creating

FEM models of materials with thin interphases that would have reliable and

tractable accuracy.

Another point that I noted was that the values of all solutions at the inner

boundary of the interphase were more accurate than at the outer boundary.

3.3.4 Considering non-circular interphases: domain

description and numerical results

This section provides the formulation and the analysis of approximate so-

lutions to the problem of heat transfer in a domain with thin interphase of

a more complicated rather than just circular shape. The key difference as

compared to the previous example is that in this case it is impossible to find

the exact analytical solution to the problem. For this reason, verifying the

validity of the transmission conditions for such geometry was effectuated only

through the numerical solution provided by COMSOL. Clearly, such assess-

ment is not as straightforward and precise as the actual comparison with the

exact solution, but, having estimated the accuracy of the FEM solution for

the benchmark case of the circular interphase makes it valid to conduct such

indirect analysis. Another point that is worth remembering is that for such

interphases one needs to use the transmission conditions in a more general

form, dependant on the angle coordinate φ. Failing to do so would result in

an invalid approximation.
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3.3.4.1 Almost circular interphases: problem formulation

In the examples considered here, the boundaries of the interphase are defined

as 2.43 with n = 1, 10, 50, and, in fact, n = 0, as this case corresponds to the

circular interphase.

(a) (b) (c)

Figure 3.5: Domains with almost circular interphases of various curvature,

corresponding to (2.43) with n = 1, 10, 50.

The general idea is exactly the same as for the interphase in the form of

a ring: in the model, the thin layer is replaced with an interface of imperfect

contact defined through the transmission conditions appropriate for the cho-

sen geometry. From (2.43), the centre line is evidently the same circle r0 = 1

as we had in the described above case of circular interphase, and thus the

problem of heat transfer in its simplified formulation is solved for the same

domain (see Fig.3.1a). I also used the same values of the physical parameters

(initial conditions of temperature at external boundaries, thermal conductiv-

ities of the materials, heat source). The asymptotic parameter also retained

the value of ε = 0.01 as it is the mean width of the interphase in each of the

considered examples. Yet, due to the varying thickness of this layer, there

are regions of both monotonic and non-monotonic temperature distribution

in the interphase, as was demonstrated by the COMSOL computations. To

be precise, in the wider parts of the interphase there was a temperature
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extremum inside them, whilst in the narrower parts of the interphase the

temperature varied monotonically from one boundary to the other.

3.3.4.2 Verification of the transmission conditions for almost cir-

cular interphases

In the absence of an exact solution to the problem in the almost circular

domain, which cannot be simplified into a one-dimensional equation, I used

the process described in 3.3.3.3. Specifically, I substituted the values of

the COMSOL solution into the transmission conditions and found the error

between the right and left sides of the resulting equations using the formulae

(3.166). Such analysis has shown that the error is greater for the domains in

which the interphase is characterised with greater boundary curvature. This

can be observed from the mean relative errors for the sets of probe points in

Table.3.6.

relative errors δ
(m)
1 δ

(m)
2 δ

(nm)
2

n = 0 0.007 0.003 0.005

n = 1 0.06 0.013 0.006

n = 10 0.08 0.005 0.012

n = 50 0.27 0.13 0.16

Table 3.6: Error of the transmission conditions for almost circular inter-

phases defined by (2.43) for different values of the parameter n. Here n = 0

corresponds to the circular interphase and is given for benchmark estimation.

I then further estimated the accuracy of the transmission conditions by

using the following indirect method. Since the benchmark example of circular

interphase has shown the COMSOL model was fairly precise, and that the

FEM solution for temperature is more reliable that the heat flux solution, I

took the values of the temperatures T+ and T− at the probe points at outer
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and inner boundaries of the interphase respectively, and then substituted

them into the transmission conditions. This led to a set of systems of two

equations at probe points, from which I evaluated the heat fluxes across the

boundaries, q+ and q−, and compared their values to the COMSOL-computed

values of heat flux at the corresponding probe points. It should be pointed

out that, although essentially I used two sets of the conditions, those obtained

with assumed monotonicity of the temperature and without, the values of

the heat fluxes calculated from them did not vary much, apart from the case

with the greatest curvature of interphase boundaries (n = 50). This can be

observed in the plots provided in Fig.3.6a-3.6f.

Further, Table.4.3 gives the values of mean absolute and relative errors

for heat fluxes thus calculated. Here, the upper index (m) stands for the val-

ues obtained using the transmission conditions with assumed monotonicity

and the upper index (nm) for the heat fluxes evaluated from the transmis-

sion conditions without the monotonicity assumptions. For comparison, the

analogous errors for heat fluxes evaluated for the circular interphase are also

provided (n = 0). A loss of one order of accuracy can thus be observed

for the almost circular interphases with smaller curvature of boundaries, i.e.

cases of n = 1, n = 10. Yet such accuracy can still be considered acceptable.

At the same time, the results for the interphase with still greater curvature

(n = 50) turn out to significantly lack reliability.

∆q
(m)
+ δq

(m)
+ ∆q

(m)
− δq

(m)
− ∆q

(nm)
+ δq

(nm)
+ ∆q

(nm)
− δq

(nm)
−

n = 0 0.74 0.004 0.44 0.066 0.74 0.004 0.44 0.066

n = 1 3.27 0.012 2.86 0.095 3.23 0.012 3.0 0.095

n = 10 4.11 0.014 2.96 0.091 4.06 0.014 3.1 0.091

n = 50 38.4 0.149 35.6 4.658 41.3 0.161 39.5 4.716

Table 3.7: Accuracy of solutions for heat flux, evaluated via the transmission

conditions for almost circular interphases of different curvature.
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(a)
(b)

(c)
(d)

(e)
(f)

Figure 3.6: Heat flux along boundaries of different curvature: diamond mark-

ers for COMSOL values, o-shaped and x-shaped for the values evaluated via

the two sets (with and without assumed monotonicity) of transmission con-

ditions. Results shown for the boundaries with n = 1 (a-b), n = 10 (c-d),

n = 50 (e-f)).

Such analysis underlines that the assumption of the small curvature of

interphase boundaries was an essential one, as the smaller the curvature,
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the less the values of the heat flux obtained from the two sets of conditions

deviate from one another and from the COMSOL solution. At the same

time, there is certain flexibility within this assumption as the accuracy of

the transmission conditions for the interphase with n = 10 is still acceptable,

despite the curvature being significantly larger that the curvature of the

boundaries with n = 1.

3.3.4.3 Star-shaped interphase: domain description and problem

formulation

It is worth distancing from ring-shaped interphase and considering a domain

with a geometry that has pronounced effects on the model with transmis-

sion conditions. As an example of such a geometry, I have chosen the shape

formed by two closed curves reminiscent of a star and placed this thin layer

into a cylinder bounded with the circles R = 1.1 (the outer boundary of

the domain) and r̂ = 0.1 (the domain’s inner boundary). The interphase

boundaries, meanwhile, consist of segments of four circles placed at points

(1; 1), (−1; 1), (−1;−1), (1;−1) with respect to the centre of the cylinder.

Specifically, the radius of the circles r+ = 1 corresponds to the outer bound-

ary of the interphase, and the inner boundary is defined with the circles of

radius r− = 1.01. One may justly point out that an interphase formed as

an intersection of such circles will have sharp vertices defying the condition

of smoothness of its boundaries. For this reason, the interphase ends were

instead approximated with smooth curves, as can be see in Fig.3.7. At the

same time, such modelling of the vertices imposed a certain limitation on

the placement of probes along the boundaries, since in order to verify the

transmission conditions it is necessary to use pair of probe points angularly

corresponding to each other. Yet at the very ends of the interphase, as can

be seen in Fig.3.7b, for certain very small angles one cannot have two probes

that would be placed at the interphase boundary and make an appropriate

pair. Thus these small regions of the interphase were not considered in the
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analysis of the transmission conditions, as using them would not only lead

to huge errors, but also mar the understanding of the actual precision of the

conditions.

(a) (b)

Figure 3.7: The domain with the four-vertices interphase (a), with the

zoomed-in picture of one of the smoothed vertices

What concerns the physical characteristics of the described composite, I

have taken the same values for the thermal conductivities of its composites:

0.2 for the thin interphase layer and 237 for the external layers. Inside the

interphase, there’s a nonlinear heat source, depending on the temperature as

Q(T ) = 180(50+T ). Finally, I’ve fixed the boundary conditions, T0 = 300 at

the outer boundary of the domain and T̂ = 320 at the inner boundary, and

the asymptotic parameter defined as ε = r−−r+ = 0.01, thus coinciding with

the asymptotic parameter chosen for the preceding numerical examples. Once

again, I would underline that this value of ε is, in fact, a necessity, since the

FEM computations in COMSOL Multiphysics fail for a smaller asymptotic

parameter, i.e. for a domain with a thinner interphase.
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3.3.4.4 Verification of transmission conditions for the star-shaped

interphase

The transmission conditions for the domain with a star-shaped interphase

were verified following the same indirect methods as was done before for the

almost circular interphases. Firstly, I evaluated the errors of the transmission

conditions by substituting into them the values of COMSOL solutions for

temperature and heat flux, T± and q±, as in 3.3.3.3, and secondly, I evaluated

the heat fluxes from the transmission conditions q
(m)
± , q

(nm)
± (here the lower

index designates the outer/inner interphase boundary and the upper index -

the set of transmission conditions used) with substituted FEM solution for

temperature T± at the interphase boundaries, and calculated the errors in

comparison with the FEM solution for heat flux q±.

The first way of verifying transmission conditions demonstrates that the

errors increase significantly as we get closer to the interphase vertices. The

problematic points at the very ends (the sharp vertices approximated by

curves) were not taken into consideration due to the aforementioned fact

that the probes placed there do not form appropriately corresponding pairs.

These small regions at vertices are followed by the ”edge effects” zone, where

the average error differs significantly from the average error in the rest of the

interphase. I determined these edge effect zones by the 1% criterion as in [59],

i.e. I kept removing the points until I obtained the mean δ
(m)
1 < 0.01. In this

example, edge effects can be observed for about 5% of the points (fewer at the

outer boundary than at the inner one). The results can be seen in table3.8,

where the maximum absolute (∆) and relative (δ) errors are presented. The

notations adopted are the same as for the previous examples: ”+” and ”-”

stand for the values at the outer and the inner boundaries respectively, while

”m” and ”nm” correspond to the set of transmission conditions used for eval-

uating the heat flux (the former obtained with assumptions of monotonicity,

the latter without this assumption). I have evaluated the errors twice, for

the entire set of probe points that includes the edge effect zones (denoted
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as ”+EZ” in the table) and for the cropped set from which the points at

the edge effect zones have been removed (”-EZ”). In the part of the inter-

phase without the edge effect zone the relative error is smaller (for the inner

boundary). This can be explained by the fact that in the regions closer to

the vertices of the interphase our assumption on the curvature fails.

errors ∆
(m)
+ ∆

(m)
− ∆

(nm)
+ ∆

(nm)
− δ

(m)
+ δ

(m)
− δ

(nm)
+ δ

(nm)
−

+EZ 5.12 2.59 5.12 2.59 7.3 ∗ 10−3 0.06 7.3 ∗ 10−3 0.06

-EZ 5.12 1.93 5.12 1.93 7.3 ∗ 10−3 0.05 7.3 ∗ 10−3 0.05

Table 3.8: Precision of the transmission conditions, verified by substituting

into them the numerical solutions.

The results of evaluating and comparing the heat fluxes are plotted in

Fig.3.8a-3.8d, the upper pictures showing the numerical values and the lower

ones presenting the absolute and relative errors. Due to the symmetry of

the domain, the probes were only placed in the first quadrant of the domain.

Hence the plots show the values over the angular range roughly between 0

and π
2
. One can clearly distinguish three types of points in the graph. Firstly,

there is the region closest to the vertices of the star, where, due to a mismatch

between the probes at two boundaries, using transmission conditions cannot

lead to an adequate result. Therefore, these probe points were eliminated

from further analysis. However, this region is followed by another small

part of the domain, over which the errors differs significantly from the errors

in the third, most central, part of the range. This smaller part is similar

to the edge effect zone often encountered when considering thin layers in

composites of rectangular shape (see [59, 95]). At the same time, the central

region corresponds to the part of the interphase with the smallest curvature

of boundaries. The observed effect once again demonstrates the importance

of the initial assumption regarding the curvature of interphase boundaries.

Remark. I have run the COMSOL computations with five different mesh
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Figure 3.8: The COMSOL-modelled heat flux (diamond markers), the heat

flux evaluated from the transmission conditions (x- and o-shaped markers)

at outer and inner boundaries (a-b); the absolute (c) and relative (d) errors

for heat flux evaluated from the transmission conditions.

options (’extremely fine’, ’fine’, ’normal’, ’coarse’, ’extremely coarse’). Yet

the change of the mesh has eventually shown little if any impact on the result

of the computations, which had the relative error of the order of ε, i.e. circa

10−2..10−3 in the central part of the range and at the same time the edge
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effect zones characterised by the abrupt change of the accuracy were clearly

distinguishable.

All of the described numerical examples demonstrate, whether by direct

comparison or less straightforward analysis, that the transmission conditions

give an accurate representation of the physical features of the composite

with the interphase, granted, at least, that our initial assumptions such as the

small curvature of the boundaries are fulfilled. For cases with great boundary

curvature further analysis is necessary, as for the ”edge effect zone” in the

more advanced geometry.

Meanwhile the next section gives a picture of a slightly different kind of

problem for which the derived transmission conditions have been nonetheless

proved to be also valid.
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3.4 Transmission condition for a composite

with proportional conductivity of the lay-

ers

3.4.1 Problem formulation

With the aim of investigating possible validity of the derived transmission

conditions in a slightly different setting, I considered heat problem in a com-

posite cylinder of another kind. The domain consists of two rings connected

via a thin circular interphase of width h in perfect contact with the sur-

rounding media. There are no heat sources, nor sinks, in the outer materials,

whereas the interphase has the source (or sink) Q0(T ) spread within. There-

fore, my task was to solve the following nonlinear equations,

∇ · (kj∇Tj) +Qj(T ) = 0, j = 0..2. (3.167)

with Q1,2(T ) = 0. Here Tj(x, y) is the unknown temperature, while the

materials are described by thermal conductivities kj(T, x, y). The index 0

corresponds to the interphase, 1 - to the outer material, 2 - the inner material.

The equations are accompanied by conditions of perfect contact at inter-

phase boundaries:

[T ] |Γ±
= 0, [nq] |Γ±

= 0. (3.168)

The thermal conductivities of the materials differ, in fact, only by a pro-

portional factor, i.e.

kj(T ) = mjk(T ), (3.169)

where k(T ) is the same function for all three materials, whereas m0 << m1,2.
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3.4.2 Solution using Kirchhof transformation

First, I tried solving the original system by making use of Kirchhof transfor-

mation and introducing

uj(T ) =

∫ T

0

kj(z)dz = mj

∫ T

0

k(z)dz. (3.170)

As the temperature is, in turn, a function of coordinates, one can say that

uj(T (x, y)) = vj(x, y). (3.171)

To rewrite the original boundary value problem in terms of the newly

introduced functions, I took into consideration

∇vj =
∂u

∂T

∂T

∂x
+

∂u

∂T

∂T

∂y
=

∂u

∂T
∇T. (3.172)

As follows from the definition of functions uj(T ),

∂u

∂T
= kj(T ), (3.173)

and therefore,

∇(∇vj) = ∇(kj∇Tj), j = 0..2. (3.174)

Hence, equation (3.167) is then transformed into

∇2vj +Qj = 0, j = 0..2, (3.175)

and the second transmission condition

k1,2
∂T1,2

∂n
= k0

∂T0

∂n
(3.176)

is equivalent to
∂v1,2
∂n

=
∂v0
∂n

. (3.177)

What I needed to do next was to write the transmission condition on

temperature (3.1681) in terms of the new functions vj.
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It follows naturally from T1,2 = T0 that the derivatives along the respec-

tive boundaries Γ1,2 are also equal:

∂T1,2

∂s
=

∂T0

∂s
. (3.178)

At the same time,

∂

∂s
uj(T ) = mjk(T )

∂Tj

∂s
, j = 0..2, (3.179)

or, in other words,

∂Tj

∂s
=

1

mjk(T )

∂

∂s
uj(T ), j = 0..2. (3.180)

Then (3.178) can be rewritten as

1

m1,2

∂u1,2

∂s
=

1

m0

∂u0

∂s
. (3.181)

Integration along the boundaries Γ1,2 leads to

1

m1,2

u1,2 =
1

m0

u0 + C, (3.182)

where C is found to be zero.

I introduced

wj(x, y) =
1

mj

vj(x, y) =
1

mj

uj(T (x, y)), j = 0..2, (3.183)

and rewrote the entire boundary value problem in terms of wj as

∇2vj +Qj = 0, (3.184)

w0 = w1,2, (3.185)

m0
∂w0

∂n
= m1,2

∂w1,2

∂n
, (3.186)

where, as one may note, Q1,2 = 0.
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In this form the problem is essentially equivalent to the system obtained

in [6], hence the transmission conditions should be analogous, too:

(
m1

∂w1

∂n

)2
−
(
m2

∂w2

∂n

)2
= 2

∫ w2

w1

m0Q(z)dz, (3.187)

m0

∫ w2

w1

dz√(
m1

∂w1

∂n

)2
− 2

∫ z

w1
m0Q(z)dz

= h. (3.188)

Taking into account (3.183), I rewrote in a more compact form:

(∂v1
∂n

)2 −
(∂v2
∂n

)2
= 2

∫ v2/m2

v1/m1

m0Q(z)dz,(3.189)

m0

∫ v2/m2

v1/m1

dz√(
∂v1
∂n

)2 − 2m0

∫ z

v1/m1
Q(z)dz

= h. (3.190)

Now, remembering (3.170, 3.171), I came back to the initial notation:

(
k1(T )

∂T

∂n

)2 −
(
k2(T )

∂T

∂n

)2
= 2m0

∫ τ2

τ1

Q(z)dz, (3.191)

h = m0

∫ τ2

τ1

dz√(
k1(T )

∂T
∂n

)2 − 2m0

∫ z

τ1
Q(z)dz

.(3.192)

Here

τj =

∫ Tj

0

k(z)dz (3.193)

have been introduced for brevity.

Remembering that kj(T )
∂T
∂n

= qj , I obtained the transmission condition

in their final form:

q21 − q22 = 2m0

∫ τ2

τ1

Q(z)dz, (3.194)

h = m0

∫ τ2

τ1

dz√
q21 − 2m0

∫ z

τ1
Q(z)dz

.
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3.4.3 Using the previously obtained transmission con-

ditions

On the other hand, considering the original boundary value problem

∇kj(T )∇T +Qj = 0, (3.195)

q0 = q1,2, (3.196)

T0 = T1,2, (3.197)

one can immediately use the transmission conditions obtained in Subsec-

tion 3.2.4.1

q21 − q22 = 2

∫ T2

T1

k̃0(z)Q̃0(z)dz, (3.198)

h̃ =

∫ T2

T1

k̃0(z)dz√
q21 − 2

∫ z

T1
k̃0(z)Q̃0(z)dz

,

where, following the rescaling procedure, h̃ = 1
ε
h is the rescaled width,

Q̃0(T ) = εQ0(T ) the rescaled heat source, and the thermal conductivity has

been in this case rescaled as

k0(z) = εk̃0(T ) = εm̃0k(T ), (3.199)

i.e. m0 = εm̃0.

Introducing, as before, τ =
∫ T

0
k(z)dz, one can note that

dτ = k(z)dz, (3.200)

which allows to rewrite (3.198) as exactly (3.194) upon return to the original,

non-rescaled values. This means that the transmission conditions previously

obtained while considering the case of a low conductive interphase coincide

with the conditions obtained for this particular problem using Kirchhof trans-

formation, and can therefore be used also for modelling this kind of problem.

This closes the analysis of the interphase characterised with low ther-

mal conductivity. I therefore proceed to derive and verify the transmission

conditions for the interphase with an opposite feature.
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Chapter 4

Transmission conditions for

thin high-conductive

curvilinear interphase

One may justly wonder what happens in case the interphase material is

highly conductive instead of low-conductive, and whether it is possible to

obtain similar transmission conditions in such situation. This is the question

that I shall touch in this chapter.

Here, I consider heat transfer in a cylindrical composite with a thin inter-

phase that is this time highly conductive. The latter is of closed curvilinear

shape that is almost a ring, i.e. its centre line r0(φ) = r0(const), and has

smooth boundaries of small curvature.

For deriving the transmission conditions in this case, I follow the usual

approach of switching to polar coordinates with subsequent rescaling of the

interphase width, as well as and the conductivity of the interphase material,

in order to make it proportional to the conductivities of the other materials:

k̃ = εk. (4.1)
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Just like for the low conductive interphase, I rescale the heat source

Q̃ = εQ. (4.2)

The normal vectors to the boundaries are

n± = [n±
ξ , n

±
φ ] =

[r0(φ)± 1/2εh̃(φ),±1/2εh̃′(φ)]√
(r0(φ)± 1/2εh̃(φ))2 + 1/4ε2(h̃′(φ))2

. (4.3)

Here I have made use of the fact that r′0 = 0.

Taking into account (2.35) and (2.41),

∂T

∂r
=

1

εh̃(φ)

∂T̃

∂ξ
, (4.4)

∂T

∂φ
=

∂T̃

∂φ
− r′0(φ) + εξh̃′(φ)

εh̃(φ)

∂T̃

∂ξ
. (4.5)

I shall from now on omit the argument for the functions h̃, r0 and their

derivatives, to make the forthcoming equations less bulky. Now all of the

above listed transformation/rescaling expressions should be substituted into

(2.22). The result of such substitution is

1

(r0 + εξh̃)2
1

ε

( ∂

∂φ
− ξh̃′(φ)

h̃(φ)

∂

∂ξ

)(
k̃
(∂T̃
∂φ

− ξh̃′(φ)

h̃(φ)

∂T̃

∂ξ

))
+

1

(r0 + εξh̃)

1

ε3h̃2

∂

∂ξ

(
k̃(r0 + εξh̃)

∂T̃

∂ξ

)
+

1

ε
Q̃ = cρ

∂T̃

∂t
. (4.6)

The solution is sought in the following asymptotic form:

T̃ = T̃0 + εT̃1 + ε2T̃2 +O(ε3). (4.7)

Besides, I will use the asymptotic expansions

1

(r0 + εξh̃)
=

1

r0
− ξh̃

r20
ε+

ξ2h̃2

r30
ε2 +O(ε3), (4.8)

1

(r0 + εξh̃)2
=

1

r20
− 2ξh̃

r30
ε+O(ε2), (4.9)
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and, for the boundary conditions, also the expansion for the normal vector

n± = n0 ± εn1 + ε2n2 +O(ε3), (4.10)

where

n0 = [1; 0], (4.11)

n1 =
[
0;

h̃′

2r0

]
. (4.12)

Note that after the rescaling, the second condition (2.28) is transformed

into

q± + n±
ξ

1

ε2
k̃

h̃

∂

∂ξ
T̃
(
± 1

2
, φ, t

)
+ n±

φ

(±2)k̃

ε

(±1
2
h̃′

h̃

∂

∂ξ
− ∂

∂φ

)
T̃
(
± 1

2
, φ, t

)
= 0,

(4.13)

or, upon substitution of the normal vector expansion,

q± +
1

ε2
k̃

h̃

∂

∂ξ
T̃
(
± 1

2
, φ, t

)
+

k̃h̃′

r0

(±1
2
h̃′

h̃

∂

∂ξ
− ∂

∂φ

)
T̃
(
± 1

2
, φ, t

)
= 0. (4.14)

The next step is to substitute the asymptotic expansion of T̃ into the

boundary value problem. This would split the main equation, by collecting

the terms with the same power of ε, into the following series of equations:

ε−3 :
1

r0h̃2

∂

∂ξ

(
k̃
∂T̃0

∂ξ

)
= 0, (4.15)

ε−2 :
1

r0h̃2

∂

∂ξ

(
k̃
∂T̃1

∂ξ

)
− ξ

r0h̃

∂

∂ξ

(
k̃
∂T̃0

∂ξ

)
+

1

r0h̃

∂

∂ξ

(
ξk̃

∂T̃0

∂ξ

)
= 0,(4.16)

ε−1 :
ξ2

r30

∂

∂ξ

(
k̃r0

∂T̃0

∂ξ

)
− ξ

r20h̃

∂

∂ξ

(
k̃ξh̃

∂T̃0

∂ξ
+ k̃r0

∂T̃1

∂ξ

)
+

1

r20

( ∂

∂φ

(
k̃
∂T̃0

∂φ

)
− ∂

∂φ

(ξh̃′

h̃
k̃
∂T̃0

∂ξ

)
− ξh̃′

h̃

∂

∂ξ

(
k̃
∂T̃0

∂φ

)
+

ξh̃′

h̃

∂

∂ξ

(ξh̃′

h̃
k̃
∂T̃0

∂ξ

))
+

1

r0h̃2

∂

∂ξ

(
k̃ξh̃

∂T̃1

∂ξ
+ k̃r0

∂T̃2

∂ξ

)
+ Q̃ = 0. (4.17)
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The heat equation in the leading terms is

1

h̃2

∂

∂ξ

(
k̃
∂T̃0

∂ξ

)
= 0, (4.18)

and the conditions after rescaling are

T± − T̃0

(
± 1

2
, φ, t

)
= 0, (4.19)

1

h̃
k̃
∂T̃0

∂ξ

∣∣∣(
± 1

2
,φ,t
) = 0. (4.20)

Since

k̃
∂T̃0

∂ξ
= 0 (4.21)

and
∂T̃0

∂ξ

∣∣∣(
± 1

2
,φ,t
) = 0, (4.22)

we can see that C0 = 0. Then T̃0(ξ, φ, t) = C̃0(φ, t), i.e. does not depend on

ξ.

The boundary value problem for T̃1 is completely analogous, and therefore

we can likewise conclude that also T̃1(ξ, φ, t) = C̃1(φ, t).

Finally, getting to T̃2, we consider the boundary value problem

1

r0h̃2

∂

∂ξ

(
k̃
∂T̃2

∂ξ

)
+

1

r20

( ∂

∂φ

(
k̃
∂T̃0

∂φ

)
− ξh̃′

h̃

∂

∂ξ

(
k̃
∂T̃0

∂φ

))
+ Q̃ = 0, (4.23)

q± +
k̃

h̃

∂T̃2

∂ξ

∣∣∣(
± 1

2
,φ,t
) − h̃′

r0
k̃
∂T̃0

∂φ

∣∣∣(
± 1

2
,φ,t
) = 0. (4.24)

These come from simplifying (4.17) and (4.14) taking into account that

∂T̃0

∂ξ

∣∣∣(
± 1

2
,φ,t
) = ∂T̃1

∂ξ

∣∣∣(
± 1

2
,φ,t
) = 0. (4.25)

As (4.19) can be effectively used as the first transmission condition, we

only need to evaluate the second one. For this we rewrite (4.23) as

∂

∂ξ

(1
h̃
k̃
∂T̃2

∂ξ
− ξh̃′

r0
k̃
∂T̃0

∂φ

)
= − h̃

r0

∂

∂φ

(
k̃
∂T̃0

∂φ

)
− h̃r0Q̃ (4.26)
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and integrate this equation.

First let us assume that k̃ = k̃(ξ), Q̃ = Q̃(ξ). Then, introducing auxiliary

functions

K±(ξ) =

∫ ξ

±1/2

∂

∂φ

(
k̃(z)

∂T̃0

∂φ

)
dz, (4.27)

Q±(ξ) =

∫ ξ

±1/2

Q̃(z)dz, (4.28)

and integrating over (−1/2, ξ) gives

1

h̃
k̃
∂T̃2

∂ξ
− ξh̃′

r0
k̃
∂T̃0

∂φ
− 1

h̃
k̃
∂T̃2

∂ξ

∣∣∣(
− 1

2
,φ,t
) − h̃′

2r0
k̃
∂T̃0

∂φ

∣∣∣(
− 1

2
,φ,t
) =

− h̃

r0
K−(ξ)− h̃r0Q−(ξ). (4.29)

Substituting ξ = 1
2
leads eventually to

q+ − q− =
h̃

r0
K−

(1
2

)
+ h̃r0Q−

(1
2

)
+

1

2

h̃′

r0

(
k̃
∂T̃0

∂φ

∣∣∣(
1

2
,φ,t
) + k̃

∂T̃0

∂φ

∣∣∣(
− 1

2
,φ,t
)
)
. (4.30)

Here T0 is known from the first transmission condition, and therefore the

two conditions together would be just

T̃+(ξ, φ, t) = T̃−(ξ, φ, t) = T̃0(ξ, φ, t) = C̃0(φ, t), (4.31)

q+ − q− =
h̃

r0
K−

(1
2

)
+ h̃r0Q−

(1
2

)
+

1

2

h̃′

r0

(
k̃
∂T̃0

∂φ

∣∣∣(
1

2
,φ,t
) + k̃

∂T̃0

∂φ

∣∣∣(
− 1

2
,φ,t
)
)
. (4.32)

Considering the case of k̃ = k̃(T ), Q̃ = Q̃(T ) renders the things more

simple, as there is no direct dependancy on the ξ coordinate, and therefore

it is possible to get more explicit formulae after integration. The first trans-

mission condition will then remain the same, while the second one takes the
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form

q+ − q− =
h̃

r0
k̃(T+)

∂2T̃0

∂φ2

∣∣∣(
1

2
,φ,t
) + h̃r0Q̃(T+) +

h̃′

r0
k̃(T+)

∂T̃0

∂φ

∣∣∣(
1

2
,φ,t
). (4.33)

4.1 Numerical results

Similarly to the previous chapters, I have considered examples of circular-

shaped interphases (which can serve as a benchmark) and almost circular

cases (which allow to look into the effect the interphase curvature has on the

accuracy of the transmission conditions).

4.1.1 Physical parameters

The geometry of all the following examples is in principle the same as in the

previously studied cases of low conductive interphases. The boundaries of

the interphase are defined by 2.43, with n = 0 coinciding with the circular

case, and the values n = 1, n = 5, n = 10 describing the almost circular

shapes.

The temperature values of T̂=300 and T0 = 295 were taken for the inner

and the outer boundary of the composite respectively, whereas the thermal

conductivities were assumed to be k− = k+ = 237 for the surrounding mate-

rials and k = 23700 for the interphase layer. The heat source spread within

it was assumed to be Q = 100(T + 50) unless otherwise specified for the

examples of φ-dependent source.

4.1.2 Circular interphase examples

4.1.2.1 Exact solution: constructing the benchmark example

First of all, just like for the previously considered problems for an interphase

of low-conductive material, I considered the simple case of an interphase

of a circular shape with heat source being independent of the coordinates,
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reducing the problem to a one-dimensional formulation and then solving it

explicitly. The temperature profile along the cut line at φ = 0 is

T−(r) = 297.528− 3.567 log r, T+(r) = 297.641− 6.515 log r,(4.34)

T (r) = −50 + 349.878J0(50r) + 1.084Y0(50r). (4.35)

I then similarly found an exact solution to the problem in its simplified

formulation. For this, I first used as the boundary values r+, r−, i.e. the

actual boundaries of the interphase region from the original formulation, and

then r0, which correspond to the centre line, instead of both. The solutions

along φ = 0 thus evaluated were, in fact, slightly different,

T2(r) = 297.556− 3.526 log r, T1(r) = 297.672− 6.589 log r, (4.36)

in the first case, and

T2(r) = 297.594− 3.471 log r, T1(r) = 297.609− 6.434 log r, (4.37)

in the second one. Each was then compared to the exact analytical solution

to the problem in its original formulation, as was the numerical solution

obtained via COMSOL. Here I noted that evaluating analytically the solution

to the simplified problem using r1, r2 gave a slightly better approximation of

the solution to the original formulation than doing so while using r0 as the

boundary values.

Eventually, the results of comparing all the three solutions (i.e. the ex-

act analytic solution, the exact solution to the simplified problem and the

COMSOL-evaluated values), are pictured in Fig.4.1a-4.1b.

The numerical results of the comparison of the three solutions can be

seen in Table.3.8, where Tc, qc stand for the COMSOL data, while q̃ is the

heat flux evaluated from the solution T̃ of the problem with the transmission

conditions according to Fourier’s law formula.

I should stress at this point that, although the numerical approximation

appears to be closer to the exact solution than the approximation by using the
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(a) (b)

(c) (d)

Figure 4.1: The analytical solution (solid blue line), COMSOL solution (dia-

mond markers) and the solution to the simplified problem with the imperfect

interface (solid orange line) using r+, r− (a) or r0 (b) and the close-ups (c)

and (d) of the corresponding solutions in the interphase regions.

errors ∆T̃ δT̃ ∆TC δTC ∆q̃ δq̃ ∆qC δqC

outer 0.029 9.8 ∗ 10−5 1.7 ∗ 10−7 5.7 ∗ 10−10 17.4 0.011 0.47 3.1 ∗ 10−4

inner 0.028 9.4 ∗ 10−5 6.7 ∗ 10−6 2.3 ∗ 10−8 9.73 0.012 0.074 8.7 ∗ 10−5

Table 4.1: Precision of the solution to the problem with the transmission

conditions and of the COMSOL solution.

transmission conditions, it is highly dependant on the width of the interphase.

The value currently in consideration, h = 0.01, was chosen particularly in
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such a way that both COMSOL model and transmission conditions would

be relevant to use. While taking greater values of the interphase would

violate our defining it as thin in comparison with other layers, assigning

smaller values to the width would eventually lead to a failure of the finite

element model (with the other physical parameters remaining the same, this

model crashed already at h = 0.0001). The asymptotic solution using the

transmission conditions, however, would in the latter case only become more

accurate with the decrease of the interphase width. Therefore, a sort of a

’compromise’ case was chosen to give a fair idea of the two.

Since both ways to approximate the exact solution are quite accurate,

the idea of using this example as a benchmark for other cases becomes well-

grounded. However, other methods of verifying the accuracy will be sug-

gested further, they can be used for the cases in which it would be impossible

to have the exact solution for comparison.

4.1.2.2 Verification of transmission conditions for the circular in-

terphase

As was done for the almost circular geometries for the low-conductive inter-

phase, it is also useful to use another way of verification of the transmission

conditions - that of substitution the values of the solution at boundaries into

the transmissions conditions and evaluating the errors between the left and

right hand sides of the equations. For the latter, I used the formula

δi =
|LHSi − RHSi|

min(|LHSi|, |RHSi|)
, (4.38)

where i = 1, 2 indicated the first and second transmission condition respec-

tively. The explicit expressions substituted into (4.38) are as follows:

LHS1 = q+ − q−,

RHS1 =
h̃

r0
k̃(T+)

∂2T̃0

∂φ2

∣∣∣(
1

2
,φ,t
) + h̃r0Q̃(T+) +

h̃′

r0
k̃(T+)

∂T̃0

∂φ

∣∣∣(
1

2
,φ,t
).
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Table.3.3 gives the exact values of the evaluated errors, which demon-

strate an expected better precision for the first transmission condition rather

than the second one.

errors ∆TC1 δTC1 ∆TC2 δTC2

exact 0.001 3.36 ∗ 10−6 27.06 0.04

COMSOL 0.001 3.39 ∗ 10−6 26.92 0.039

Table 4.2: Precision of the transmission conditions, verified by substituting

into them the solutions (exact solution and COMSOL numerical solution)

4.1.2.3 Physical parameters along the boundaries of the inter-

phase

The second step is also analogous to how the low-conductive case was pre-

viously analysed, i.e. I consider here the temperature and the heat flux at

the interphase boundaries along the entire boundaries, following the idea

that whereas the exact analytical solution and the analytical solution to the

problem with the transmission conditions remain constant, the finite element

solution may fluctuate due to the structure of the model, and it may be useful

to check how close to the exact solution these fluctuations are. The process

is only slightly different from the way it was done for the low conductive

interphase. The little difference lies in the fact that, while previously I sub-

stituted temperature values to evaluate heat fluxes, in this case I substitute

the values of both T and q to calculate the values at the other boundary.

This is due to the different nature of the transmission conditions for this

case: substituting just the temperature values would not lead to a solvable

system.

Fig.3.2a-3.3b picture the evaluated values alongside the constant solutions

to the original and simplified problems and the COMSOL solution.
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(a) (b)

(c) (d)

Figure 4.2: The exact heat flux (solid blue line), the heat flux evaluated

from the simplified problem with the imperfect interface conditions (dashed

orange line), and the COMSOL solution (diamond-shaped and X-markers),

values of T and q evaluated through substitution of COMSOL data into the

transmission conditions (x-markers and o-markers) along the boundaries

The errors for the solution to the problem with the transmission cond-

tions, the COMSOL solution and the values obtained by substituting COM-

SOL data into the transmission condition are all collected in Table4.3. Com-

paring it to Table.4.2, it is easy to observe that the values evalusted from

COMSOL data using the transmission condistions actually have the same ac-

curacy as the transmission conditions themselves, which is what I expected

taking into account the nature of the first transmission condition.
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errors δT̃ δTC δTTC δq̃ δqC δqTC

outer 9.8 ∗ 10−5 5.7 ∗ 10−10 3.4 ∗ 10−6 0.011 3.1 ∗ 10−4 0.018

inner 9.4 ∗ 10−5 2.3 ∗ 10−8 3.4 ∗ 10−6 0.012 8.7 ∗ 10−5 0.032

Table 4.3: Errors for the evaluated temperature and heat flux at the bound-

aries of the interphase.

4.1.2.4 Case of heat source varying with the angle φ

For this case, I went a bit further with analysing how the transmission condi-

tions function and checked what effect does a heat source dependant on the

angle coordinate have. Naturally, it is impossible to reduce such a problem

to a one-dimensional one, and therefore, in the lack of the exact solution, I

again used the two indirect ways described above. I first considered the heat

source being dependent solely on the angle φ and that of the heat source de-

scribed as a function of both φ-coordinate and temperature T . To be precise,

the heat source was taken to be Q(φ) = 500(300 sin(φ) + 300 cos(φ) + 50) in

the first case and Q(φ, T ) = 500(T sin(φ) + T cos(φ) + 50) in the second one.

The verification was executed by substituting into the transmission condi-

tions the values along the boundaries. The absolute and relative errors are

presented in the Table.4.1 as ∆(i), δ(i) respectively, where i = 1, 2 stands for

the first and second transmission conditions.

errors ∆TC1 δTC1 ∆TC2 δTC2

Q = Q(φ) 0.037 1.2 ∗ 10−4 218.59 0.093

Q = Q(φ, T ) 0.035 1.2 ∗ 10−4 217.72 0.1

Table 4.4: Precision of the transmission conditions, verified by substituting

into them the numerical solutions.

As can be observed, the change of character of the heat source has affected
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the precision of the transmission conditions. On the other hand, having Q

dependent on the temperature does not impair the accuracy, and, indeed,

has barely any effect on it, at least if the values of the heat source are still

fairly close in both cases.

4.1.3 Almost circular interphase examples

The next step is to consider almost circular interphases, i.e. those of which

the centre line is a circle, defined by (2.43). These cases are essential in

showing the importance of the assumption on the small curvature of the

interphase.

Here, the parameter value n = 0 produces the already considered circular

interphase, while n > 1 correspond to the almost circular cases. By increasing

the value of n I could create regions with greater curvature of the boundaries

and, observing the effects and comparing the results, eventually verify the

validity of the assumption on the curvature. To be precise, I considered the

domains with n = 1, 5, 10 (and, of course, n = 0), which are shown in Fig.4.3,

using the previously described methods of indirect verification in absence of

the exact analytical solution.

n = 0 n = 1 n = 5 n = 10

Figure 4.3: The domains with almost circular highly conductive interphases

(n = 0, 1, 5, 10)
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4.1.3.1 Verification of transmission conditions for the almost cir-

cular interphases

In the first place, I substituted the values of COMSOL solution into the trans-

mission conditions and evaluated the errors between the side of the equation,

using the formulae (4.38-4.39). The results are presented in Table.3.6, and

show congruence with the previously evaluated errors for the circular case,

which for convenience were added to the table. The decrease of accuracy with

the increase of boundary curvature is clearly observed, the errors reaching

the value of 0.15 already for n = 10.

relative errors δTC1 δTC2 δT+ δT− δq+ δq−

n = 0 3.4 ∗ 10−6 0.039 3.4 ∗ 10−6 3.4 ∗ 10−6 0.018 0.032

n = 1 3.4 ∗ 10−6 0.061 3.4 ∗ 10−6 3.4 ∗ 10−6 0.027 0.051

n = 5 3.4 ∗ 10−6 0.083 3.4 ∗ 10−6 3.4 ∗ 10−6 0.035 0.066

n = 10 3.4 ∗ 10−6 0.151 3.4 ∗ 10−6 3.4 ∗ 10−6 0.06 0.11

Table 4.5: Precision of the transmission conditions, verified by substitut-

ing into them the COMSOL solution, as well as the precision of the data

evaluated through the transmission conditions from the COMSOL solution)

4.1.3.2 Physical parameters along the boundaries of the inter-

phase

The second method, which consists of substituting FEM-calculated values

into the transmission conditions in order to evaluate the temperature and

heat flux, showed similar results, i.e. thus found values were less and less

accurate for the examples with greater boundary curvature. The exact errors

are shown in Table.4.5, while Fig.4.4a-4.6d contain the graphs of the values

along the boundaries.
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(a) (b)

(c) (d)

Figure 4.4: The COMSOL solution (diamond-shaped and X-markers) and

the values of T and q evaluated through substitution of COMSOL data into

the transmission conditions (x-markers and o-markers) along the boundaries

for n = 1

One of the peculiarities that can be observed is that the calculated values

are always more accurate at the outer boundary rather than the inner one.

This may be partially explained by the mesh being too fine (as was observed

for the low conductive interphase in ([6])), but for the highly conductive in-

terphase changing the mesh did not seem to lead to any significant difference

in the results.

To conclude this chapter, it can be said that the transmission conditions

obtained for modelling a composite with a highly transmissive interphase are

valid, i.e. provide a satisfactory level of accuracy. In fact, it is improving

with the decrease of the width of the interphase, whilst the finite element
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(a) (b)

(c) (d)

Figure 4.5: The COMSOL solution (diamond-shaped and X-markers) and

the values of T and q evaluated through substitution of COMSOL data into

the transmission conditions (x-markers and o-markers) along the boundaries

for n = 5

model crashed already at h = 10−4.

One cannot help noticing, however, that for the almost circular interphase

the accuracy is declining faster with the increase of curvature than it does

for the low conductive interphases of analogous geometry. This means that

further analysis of such cases is necessary.
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(a) (b)

(c) (d)

Figure 4.6: The the COMSOL solution (diamond-shaped and X-markers) and

the values of T and q evaluated through substitution of COMSOL data into

the transmission conditions (x-markers and o-markers) along the boundaries

for n = 10

4.2 Extraction of a rigid fiber accounting for

surface energy and imperfect contact

To conclude this chapter by opening a new perspective of a similar problem

in a different setting, I shall describe the case of elastic deformation of a body

consisting of two cylinders one inside the other. More precisely speaking, I

first consider the situation of two solid cylinders, the larger one of radius

R, and the smaller one of the radius r1. Both are centred at the origin,

and there is a force F applied to the inner cylinder in the upward direction

and causing the eventual displacement u2 at the outer boundary of the body
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(see Fig.4.7a). This situation can be adapted into a case of a thin rigid

layer placed inside the outer cylinder and having a distributed force F acting

within it Fig.4.7b).

(a) (b)

Figure 4.7: The composite with a rigid inner cylinder (a) and that featuring

a thin rigid layer and hollow inside (b)

This latter example exactly corresponds to the previously considered case

of thin highly conductive interphase, in which the parameters of the inner-

most material were set to 0.

The classic constitutive equations of a linear elastic isotropic body in the

bulk are

W = µe : e+
1

2
λ(tre)2, (4.39)

σ ≡ ∂W
∂e

= 2µe+ λItre, (4.40)

e =
1

2
(∇u+ (∇u)T ). (4.41)
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Here, u = u(x) is the displacement field in the form of a twice-

differentiable vector function of the position vector x, W the strain density

energy, σ and e stress and strain tensors respectively, µ > 0, λ are the Lamé

moduli satisfying the relation 3λ + 2µ = 0, and I the unit tensor of second

order. The double dot stands for the scalar product of second-order tensors.

According to the linearised surface elasticity model suggested by Gurtin

and Murdoch in [40], projecting (4.39) onto the surface leads to the following

equations for the surface strain energy Ws and surface strain tensor τ :

Ws = µsε : ε+
1

2
λs(trε)

2, (4.42)

τ ≡ ∂Ws

∂ε
= 2µsε+ λsAtrε, (4.43)

ε =
1

2
(∇su ·A+A · (∇su)

T ), (4.44)

where ε stands for the infinitesimal deformations associated with the surface

and A is the surface unit tensor of second order.

In order to model the imperfect interface, we define the two displacement

fields u+, u− as the one-sided limits of the displacement function u from

each side of the interface, and then the surface strain energy density at the

interface Wi is

Wi = W+
s +W−

s +K(w), (4.45)

where K(w) is a nonlinear function connected to the adhesive force f(⌈)
through the relation

dK
dw

≡ f(w), (4.46)

where the latter is defined as

f(w) = w exp(−|w|). (4.47)

The parameter w here is the absolute value of the displacement jump at

the interface, i.e.

w = |u+ − u−|. (4.48)
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Then at the interface the following conditions are valid

n · σ± = ±∇s · τ± − f(w)
1

w
(u+ − u−). (4.49)

4.2.1 Case of antiplane deformation

As we consider axisymmetric antiplane deformation u = u(r), the motions

equations in this case,

µ∇u = 0, (4.50)

can be reduced into a one-dimensional form

∂2u

∂r2
+

1

r

∂u

∂r
= 0. (4.51)

Note that (4.51) is completely analogous to the main equation in the

previously analysed cases of heat transfer.

As for the boundary conditions, the first one comes from our assump-

tion of rigid motion and given displacement at the outer boundary of the

composite, i.e.

u(R) = u2. (4.52)

The other boundary condition meanwhile can be brought to the view

κ
∂u

∂n

∣∣∣
r1,φ

= µs
∂2u

∂s2

∣∣∣
r1,φ

− f(|u(r1)− u2|), (4.53)

or, in case of a perfectly circular boundary r1 = const, to an even more

compact form thanks to there being no dependence on the angle φ,

κ
∂u

∂r

∣∣∣
r=r1

= −f(|u(r1)− u2|). (4.54)

Here κ is a parameter describing the rigidity of the material to which the

force is applied, and f(w) is the adhesive force. It is natural, in fact, that

the force F applied to the inner cylinder is described as

F =

∫ 2π

0

fdθ. (4.55)
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It is rather obvious that the solution to (4.51) is found in the form

u(r) = C1 log r + C2, (4.56)

where the constants C1, C2 are found from the boundary conditions (4.52,

4.54):

C2 = −C1 logR, (4.57)

and therefore,

u(r) = C1 log
r

R
. (4.58)

In order to find the value(s) of C1, we use the other boundary condition:

C1
1

r
= f(w), (4.59)

where we’ve defined

w = |C1 log
r1
R

− u2|. (4.60)

Depending on the sign of the expression, (4.59) is considered separately

in two regions:

C1 log
r1
R

− u2 ≥ 0, i.e. u2 ≤ C1 log
r1
R
, (4.61)

and

C1 log
r1
R

− u2 < 0, i.e. u2 > C1 log
r1
R
. (4.62)

Expressing C1 through d would then result in

C1 =
u2 + w

log r1
R

(4.63)

in the former region, and

C1 =
u2 − w

log r1
R

(4.64)

in the latter.

Subsequently, the function f̃(d) is defined in the corresponding regions as

f̃(w) =





u2+w
r1 log

r1
R

, u2 ≤ C1 log
r1
R
,

u2−w
r1 log

r1
R

, u2 > C1 log
r1
R
.
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The next step is to solve

f̃(w) = f(w), (4.65)

taking into account that the conditions (4.61-4.62) (depending on the branch

of the function f̃(w)) should be satisfied for the constant C1.

It should be noted that the solution is, generally speaking, not necessarily

unique, and that the number of solutions depends on the rigidity parameter

κ and/or the set displacement u2. For example, the total of three solutions

were found for κ = 0.01, κ = 0.1, as shown in Fig.4.8a-4.8b. However, only

one of these solutions actually its into the appropriate range based on (4.54).

(a) (b)

Figure 4.8: All the solutions to the boundary value problem (4.51-4.54) with

κ = 0.01 (a) and κ = 0.1 (b). The markers correspond to the values of the

COMSOL numerical solution

I have considered four cases of different values of κ-parameter, to be

precise, κ = 0.01, 0.1, 1, 100. For all the numerical examples, I’ve taken

the values of R = 1, r1 = 0.3, u2 = 0.1. The solutions found in all of these

cases show accurate correspondence with the numerical (COMSOL) solutions

to these problems (see Fig.4.9a-4.9d). Therefore, they can be used as a

benchmark for further analysis, i.e. considering examples with the boundary

between the cylinders being almost circular rather than perfectly circular.

However, such in-depth studies are still to be conducted in the future work.
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(a) (b)

(c) (d)

Figure 4.9: The solutions to the boundary value problem (4.51-4.54) with

κ = 0.01 (a), κ = 0.1 (b), κ = 1 (c), κ = 100 (d). The markers correspond

to the values of the COMSOL numerical solution
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Chapter 5

Concluions and further scope

This thesis sums up the research aimed at obtaining transmission conditions

that can be used for replacing thin interphases of curvilinear shape in numer-

ical models. Such conditions were obtained for several cases of dependencies

of k and Q on the coordinates and the temperature.

Numerical experiments (carried out for the particular case of circular

interphase) prove that these transmission condition work and give a relatively

small error (10−6 − 10−7), even though the error gradually increases as the

magnitude of Q grows.

It can also be said that the experiments show that the assumption of small

curvature of the interphase boundaries is a crucial one. In fact, numerical

examples for both low conductive and highly conductive interphases show

that the accuracy decreases drastically with the increase of the curvature

(more so for the highly conductive than the low conductive interphases).

The question of what happens for the interphases of greater curvature is still

open. Considering them could be in the focus of further work.

Another assumption that was made for the low conductive interphase was

whether the temperature within the interphase was monotonic or not. Ana-

lytical evaluation of the transmission conditions in such cases was different,

which led to the derivation of two sets of the conditions. Nevertheless, for
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the numerical examples considered both sets demonstrated exactly the same

precision and could be used with equal success. At the same time, it should

be stressed that this may not be true in general and there may appear cases

with non-monotonic temperature distribution within the interphase for which

the conditions with the contrary assumption would not lead to the desirable

results. It is therefore preferred to use the more general transmission condi-

tions that were obtained without the additional assumption of monotonicity,

as they work well both in case of monotonic and non-monotonic temperature

distribution and can be used in either case.

The examples of interphases with low and high thermal conductivity

turned out to not only differ in the process of asymptotic analysis and the

derivation (and, naturally, the form) of the transmission conditions, but also

demonstrated slightly different order of error for analogous examples. Yet,

the general level of accuracy of the transmission conditions in both situations

justifies their use in computational models. The particular strong point of

the imperfect interface approach is that it gains in accuracy when the FEM

loses (for thinner interphases), and therefore creates new prospectives. Im-

plementing an imperfect interface with the described transmission conditions

in the finite element model instead of complicating it with the small struc-

tural element that the original interphase is can help tackling the downside

of the straightforward approach and lead to a more reliable representation of

the actual physical process.

It should be once again underlined that the obtained results can just as

well be used for the problems of mass transfer as of heat transfer. Besides,

analogous ideas can be applied in different physical settings, i.e. in case of

mechanical work and elasticity. Considering such problems and obtaining

the transmission conditions for them are also in the scope of potential future

research.
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Appendix A

Weight Functions and

Boundary Integral Equations

for Interfacial Cracks in

Piezoelectric Bimaterials

This appendix gives a summary of an article on which I collaborated, working

with the numerical (COMSOL) model of the process, during my PhD studies.

Although it does not deal with the primary subject of this thesis, i.e. thin

curvliniear interphases in composites, the problems considered come from the

related field of composite bimaterials with perfect contact interface. Besides,

it also deals with simplifying numerical calculations - in this case, through

not using Green’s function. This study therefore falls into the area of my

research, if somewhat vaguely, and so I was involved in it in the view of

my experience with perfect contact interfaces in composite materials and

using COMSOL for creating appropriate numerical (finite element) models.

For this reason, I thought the work done was worth mentioning, albeit not

within the main part of the thesis, and so I shall give a summary of it in this

appendix.
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The model was that of a semi-infinite crack in a transversely isotropic

piezoelectric bimaterial with a perfect interface and with arbitrary loading

on the crack faces. The problem was slightly reduced by limiting it only

to those fields that are affected by the piezoelectric effect. Then, having

obtained the general expressions for weight functions (both symmetric and

skew-symmetric) that preserved the effect of the coupled electrical fields, we

used them along with Betti’s identity for getting the singular integral equa-

tions that describe the relation of the extended displacement and traction

fields to the loading acting on the faces of the crack. Cases of two differ-

ent poling directions were taking into consideration in order to analyse the

variation of the piezoelectric effect. What I contributed was the finite ele-

ment (COMSOL) model created for one of the numerical examples, which

was used for verification with the solution obtained from the singular integral

equations.
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A.1 Problem formulation

The physical domain considered in this appendix can be described as two dis-

similar piezoelectric transversely isotropic materials, named material I and

material II, occupying half-planes and connected with a perfect interface

(x2 = 0). Along the latter one finds a semi-infinite crack in the negative

half-space (x1 < 0). Fig.A.1 gives a graphic representation of such a geome-

try. The perfect interface conditions in a piezoelectric bimaterial means that

displacements Di, tractionσij , electric potential and the electric charge are

all continuous.

The functions

p±j (x1) = σ2j(x1, 0
±), for j = 1, 2, 3, p±4 (x1) = D2(x1, 0

±), (A.1)

describe the loading along the crack faces and are given.

Both pieoelectric half-planes are assumed to be under the state of gener-

alised plane strain and short circuit, i.e. (ε±3 = E±
3 = 0).

In the examples considered, the poling direction was taken parallel either

to the x2 or to the x3 axis.

A.2 Preliminary derivations

A.2.1 Stroh formalism for piezoelectric materials

The governing equations for a linear and generally anisotropic piezoelectric

body in the state of a static deformation with zero body forces are (see[25,

79])

σij,i = 0, Di,i = 0. (A.2)

The strain ǫ and electric field E are described as

εij =
1

2
(ui,j + uj,i), Ei = −φ,i, (A.3)
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Figure A.1: A semi-infinite crack along an interface between two dissimilar

piezoelectric materials subject to the state of generalised plane strain and

short circuit (ε±3 = E±
3 = 0)

. Picture by Dr L.Pryce
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with ui the components of the displacement field and φ the electric potential.

According to [107], in anisotropic piezoelectric materials the constitutive

relations are defined through the stiffness C, permittivity ω and piezoelec-

tricity e

σij = Cijrsεrs − esjiEs, Di = ωisEs + eirsεrs. (A.4)

Equations (A.2), (A.3) and (A.4) combined, the following governing equa-

tions are derived

(Cijrsur + esjiφ),si = 0, (−ωisφ+ eirsur),si = 0. (A.5)

Looking for the solution to in the form (ur, φ)
T = af(z) where z =

x1 + px2, leads to an eigenvalue problem

[Q+ p(R+RT ) + p2T]A = 0, (A.6)

where Q,R, T are 4 ∗ 4 matrices explicitly presented in [83]. The eigenvalues

here are four pairs of complex conjugates.

At this point we introduced two extended vectors, U = (U1, U2, U3, φ)
T

for physical displacement containing electric potential, and t = (σ2i, D2)
T for

traction containing electric displacement. We also introduce two bimaterial

matrices

H = BI + B̄II , W = BI − B̄II , (A.7)

where indices I, II correspond to materials I and II, and B is the surface

admittance tensor defined in [83].

We shall also further need the Riemann-Hilbert problem defined for x1 <

0, as obtained in [98] under the assumption that the tractions and electrical

displacement vanish on the faces of the crack along the negative part of the

x1 axis

h+(x1) + H̄−1Hh−(x1) = 0, −∞ < x1 < 0. (A.8)
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Sparing the mathematical details, I can say that the extended displace-

ment jump across the crack proved to have the form

JUK(x1) = (H+ H̄)

√
(−x1)

2π

[
K(−x1)

iǫw

(1 + 2iǫ) cosh πǫ
+

K̄(−x1)
−iǫw̄

(1− 2iǫ) cosh πǫ

+
K3(−x1)

κw3

(1 + 2κ) cosπκ
+

K4(−x1)
−κw4

(1− 2κ) cosπκ

]
,

(A.9)

while the extended traction vector was found to have the form

t(x1) = (2πx1)
− 1

2 [Kxiǫ
1 w + K̄x−iǫ

1 w̄ +K3x
κ
1w3 +K4x

−κ
1 w4]. (A.10)

In both formulae, K = (K, K̄,K3, K4)
T is the stress intensity factor vector

with K = K1 + iK2.

From (A.9) and (A.10) followed the expression for the energy release rate

G =
w̄T (H+ H̄)w

4 cosh2 πǫ
|K|2 + wT

3 (H+ H̄)w4

4 cos2 πκ
K3K4. (A.11)

A.2.2 Weight functions for piezoelectric bimaterials

As defined in [16, 17], weight functions are those whose weighted integrals can

be used for deriving important fracture parameters. In case of piezoelectric

materials, the weight function was found to be the the extended singular

displacement field U. Particularly, its symmetric and skew-symmetric parts

across the plane x2 = 0 have the form

JUK(x1) = U(x1, 0
+)−U(x1, 0

−), (A.12)

〈U〉(x1) =
1

2

[
U(x1, 0

+) +U(x1, 0
−)
]
, (A.13)

where, naturally, JUK = 0 for x1 < 0 since at the crack we have an interface

with perfect contact.
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The corresponding extended traction vector is than defined as

Σ(x1) =
(−x1)

−3/2

2
√
2π

[
C(−x1)

iǫw̄ + C̄(−x1)
−iǫw + C3(−x1)

−κw3 + C4(−x1)
κw4

]
.

(A.14)

Here C = (C, C̄, C3, C4)
T is a constant vector with C = C1 + iC2, similarly

for the stress intensity factor vector defined in the previous subsection.

The Fourier transforms of the symmetric and skew-symmetric parts of

the weight functions, which are necessary for some of the following steps, are

JÛK+(ξ) =
1

|ξ|(isign(ξ)Im(H)− Re(H))Σ̂−(ξ), (A.15)

〈Û〉(ξ) = 1

2|ξ|(isign(ξ)Im(W)− Re(W))Σ̂−(ξ), (A.16)

according to Morini’s derivations in [67] for anisotropic materials that are

also valid for piezoelectric media.

A.2.3 The generalised Betti formula

The Betti identity correlates the above introduced weight function with the

physical fields in the problem. In conjunction, they form the approach for

obtaining the singular integral equations to find the analytical solution to

the problem.

Basically, we apply the generalised Betti formula (see [43]) to the upper

and the lower half-planes to obtain
∫

x2=0+

[
RU(x′

1 − x1, 0
+) · t(x1, 0

+)−RΣ(x′
1 − x1, 0

+) · u(x1, 0
+)
]
dx1 = 0.

(A.17)

Here,

R =




−1 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 −1




.
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Subtracting from the equation corresponding to the upper-half plane the one

corresponding to the lower half-plane and applying to the result the Fourier

transform yields

JÛKTRt̂+ − (Σ̂−)TRJûK = −JÛKTR〈p̂〉 − 〈Û〉TRJp̂K. (A.18)

Here

〈p〉 = 1

2
(p+ + p−) and JpK = p+ − p− (A.19)

are the symmetrical and skew-symmetrical part of the load respectively.

A.3 Poling direction parallel to the x2−axis

A.3.1 Weight functions

Here, we take the poling direction perpendicular to the crack plane. This

leads to the Mode III component of the solution decoupling from Mode I and

II components and the piezoelectric effect (Mode IV). Thus, the antiplane

tractions and displacement behave as if the material were elastic with no

piezoelectric effect, since they don’t depend on the electric field. We can

therefore exclusively focus on the in-plane components and electrical effects,

u = (u1, u2, φ)
T and t = (σ21, σ22, D2)

T .

Our article [83] provides the explicit form of the matrices H, W and the

surface admittance tensor B. Knowing them (H in particular) enables us to

find the traction field Σ as a solution to the eigenvalue problem. Following the

algebraic process described in detail in the article, it is possible to find three

traction vectors, and, taking the Fourier transforms of the latter, eventually

calculate the explicit expressions for JÛK+ and 〈Û〉. ( JUK and 〈U〉).

A.3.2 Integral identities

The Betti formula in this case still is

JÛKTRt̂+ − Σ̂TRJûK− = −JÛKTR〈p̂〉 − 〈Û〉TRJp̂K, (A.20)
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with JÛK and 〈Û〉 as defined in (A.15) and (A.16). The rotational matrix

here is

R =



−1 0 0

0 1 0

0 0 −1


 .

By multiplying both sides of (A.20) by R−1JÛK−T and taking the inverse

Fourier transform of the resulting identity, one finds equations that can be

transformed to the view

N (s)∂JuK(−)

∂x1
= 〈p〉(x1) +M(s)JpK, x1 < 0, (A.21)

t(+)(x1) +M(c)JpK = N (c)∂JuK(−)

∂x1
, x1 > 0. (A.22)

The expressions for the operators M(s),M(c),N (s) and N (c) can be found in

[83].

A.4 Poling direction parallel to the x3−axis

A.4.1 Weight functions

This case is the one for which the finite element model was constructed,

and it describes the situation when the poling direction goes along the crack

front. Here the Mode I and Mode II components of the displacement and

stress fields are decoupled from the Mode III fields and piezoelectric effects

on the material [76, 45]. Therefore, the in-plane fields act as if for a purely

elastic material with no piezoelectric effect.

Due to this, we further only take into account the out-of-plane and piezo-

electric components, u = (u3, φ)
T and t = (σ23, D2)

T . The surface admit-

tance tensor then becomes

B =

(
B33 B34

B34 B44

)
. (A.23)
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Consequently, the bimaterial matrices H and W can be computed and have

the form

H =

(
H33 H34

H34 H44

)
, W =

(
δ3H33 γH34

γH34 δ4H44

)
, (A.24)

where:

Hαβ = [Bαβ ]I + [Bαβ]II , for α, β = 3, 4,

δα =
[Bαα]I − [Bαα]II
[Bαα]I + [Bαα]II

, for α = 3, 4,

γ =
[B34]I − [B34]II

H34
.

The weight functions for the materials are obtained from the Riemann-

Hilbert problem (A.8), which is simplified due to the fact that matrix H

is purely real. The extended traction along the interface and displacement

jump across the crack are descibed as

t(x1) = (2πx1)
− 1

2

(
K3

K4

)
, for x1 > 0, (A.25)

JuK(x1) =

(
2(−x1)

π

) 1

2

H

(
K3

K4

)
for x1 < 0, (A.26)

from which Σ is evaluated as

Σ(x1) =
(−x1)

− 3

2√
2π

(
C3

C4

)
, for x1 < 0. (A.27)

Then JÛK and 〈Û〉 are found in a simplified form from (A.15) and (A.16)

since there are no imaginary parts of the matricesH and W

JÛK+(ξ) = − 1

|ξ|HΣ̂−(ξ), (A.28)

〈Û〉(ξ) = − 1

2|ξ|WΣ̂−(ξ). (A.29)

The explicit expressions for the 2× 2 traction matrix Σ̂ are given in [83].
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A.4.2 Integral identities

The Betti formula (A.18) is here simplified to the form

JÛKT t̂+ − Σ̂T JûK− = −JÛKT 〈p̂〉 − 〈Û〉T Jp̂K. (A.30)

Multiplying both sides of this equation by JÛK−T and applying inverse

Fourier transforms (see the detailed methods in [82] and [66]), we obtain

integral equations

Q(s)∂JuK(−)

∂x1

= −〈p〉(x1)−YJpK(x1), for x1 < 0, (A.31)

t(x1) = −Q(c) ∂JuK(−)

∂x1
, for x1 > 0. (A.32)

Here the operatorsQ(s),Q(c) are defined similarly to the operators introduced

for the case of the poling direction parallel to the x2-axis and are described

in [83].

We have thus derives for both cases of poling directions the integral iden-

tities (A.21), (A.22), (A.31) and (A.32) that describe the relation between

the mechanical and electrostatic loading applied on the crack faces to the

corresponding crack opening and tractions ahead of the tip.

A.5 Numerical examples

For the article, the previously analysed cases of different poling directions

where considered in the settings of both symmetrical and skew-symmetrical

mechanical and electrostatic loading to explicitly describe crack opening and

tractions ahead of the tip. I omit here the example of the poling direction

parallel to the x2-axis under symmetric mechanical loading, focusing exclu-

sively on the case of poling direction parallel to the x3-axis under symmetric

loading, since it is for that configuration that the finite element model was

created. Thus the numerical example will give a comparison of the analytical

and the FEM solutions.

115



Since it is impossible to build a numerical model of an infinite layer, a

finite bulk of bimaterial was modelled with its dimensions sufficiently large (a

cube with the length of an edge 50). The materials taken were PZT above the

crack and Barium Titanate below. Their physical characteristics necessary

for the numerical computations are presented in [83] as found in [53] and

[37].

Henceforth we consider a mechanical load acting in the opposite direction

on each side of the crack at a point at a distance a from the crack tip (for

the numerical calculations, the distance was taken to be a = −1, as it is

located in the negative direction). This is then expressed using the Dirac

delta distribution as

〈p〉(x1) =

(
−Fδ(x1 + a)

0

)
, JpK(x1) = 0. (A.33)

for the symmetric and skew-symmetric parts of the extended loading respec-

tively. These are then substituted into (A.31) to obtain

S(s)∂JuK(−)

∂x1

= F

(
H33

H34

)
δ(x1 + a), (A.34)

where nverting the operator S(s) leads to

∂JuK(−)

∂x1
= −F

π

(
H33

H34

)∫ 0

−∞

√
η

x1

δ(η + a)

x1 − η
dη

= −F

π

√
− a

x1

1

x1 + a

(
H33

H34

)
. (A.35)

Integrating (A.35) and using (A.32), the explicit expression for the extended
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traction vector is obtained in the form

t(+)(x1) = −H−1

π

∫ 0

−∞

1

x1 − η

∂JuK

∂η
dη,

=
F

π

√
a

x1

1

x1 + a
H−1

(
H33

H34

)
,

=
F

π

√
a

x1

1

x1 + a

(
1

0

)
, (A.36)

from which K3 and K4 are derived in the view

(
K3

K4

)
= lim

x1→0

√
2πx1

(
σ23

D2

)
= F

√
2

πa

(
1

0

)
. (A.37)
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Figure A.2: Normalized displacement jump (a) and electric potential jump (b) associate

to symmetric mechanical loading at x1/a = −1. Red line is the analytical solution, blue

markers is the COMSOL solution.

The results of comparing the solutions this obtained with the FEM so-

lution from COMSOL are prefented in normalised form in Fig.A.2,A.3 and

demonstrate a good agreement for crack opening, electric potential jump
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Figure A.3: (a): Normalized shear traction associate to symmetric mechanical loading

at x1/a = −1. Red line is the analytical solution, blue markers is the COMSOL solution

(b): Variation of the normalized stress intensity factor K3 with the distance a from the

point of application of the load to the crack tip.

and shear traction field. However, a variation is observed for the normalized

stress intensity factor K3 with the distance a between the crack tip and the

point of load application.

All in all, it can be summarised that the approach of using Stroh for-

malism and Riemann-Hilbert formulation for studying crack problems with

perfect interface, which was developed by my colleagues and co-authors in

[67] and [84] for the case of anisotropic elastic media, also works for the case of

piezoelectric composites, as was confirmed by the numerical example. It can

therefore be further developed for studying fracture problems in media with

different properties, or for cases with omitted assumption of the symmetric

location of the loading.
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[72] A. Öchsner and G. Mishuris. A new finite element formulation for thin

non-homogeneous heat-conducting adhesive layers. Journal of Adhe-

sion Science and Technology, 22:1365–1378, 2008.
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