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ABSTRACT

Fuzzy rule-based inference systems are successful representatives of knowl-

edge based systems. Takagi-Sugeno-Kang (TSK) systems are one of the con-

ventional and most exploited of such systems, providing an effective approach

for performing prediction and regression tasks. However, when the input do-

main is not fully covered, it is possible for an observation to match no rule in

the given rule base. In such a case, no conclusion can be drawn when using

traditional rule-firing mechanisms. Fuzzy rule interpolation (FRI) has been

introduced to deal with this problem. Whilst offering a potentially powerful

inference mechanism, most existing FRI methodologies in the current litera-

ture are not developed for TSK inference models. In addition, several that

are relevant may introduce an undesirable bias into the results while incurring

significant computational overheads.

Motivated by the above observation, this thesis presents a novel FRI ap-

proach through the use of comparatively few neighbour rules to derive in-

terpolative results with TSK models. Compared with existing methods, the

proposed approach helps reduce the computational overheads of the inference

process while avoiding the adverse impact caused by rules with low similarity

to the new, unmatched observation. More importantly, to deal with large-

sized sparse rule bases, where neighbourhood rules may be similar to each

other, a rule-clustering-based method is introduced. In particular, a cluster-

ing algorithm is first employed to cluster rules into different groups, and the

final interpolated conclusion is computed using the closest rules selected from

a small number of closest rule clusters. The efficacy of the proposed approach

is verified via systematic experimental examinations in comparison with exist-

ing methods, over a range of benchmark regression problems, whilst utilising

different clustering algorithms.

2



Particularly, to verify and demonstrate its potential, the proposed FRI

approach is systematically adopted to conduct missing value imputation tasks

for a real-world dataset, the water treatment plant dataset, in which features

with missing values are regarded as the output of the system while others

are used as inputs. The success of such a realistic application indicates the

practicality of the proposed interpolation approach.

In more real-world applications, the inputs are usually time-dependent,

thereby requiring dynamic management of the rule base to maintain and pos-

sibly improve the efficacy of such a system. Situations may become more

complicated if the training data does not sufficiently cover the problem space.

FRI systems may help, whilst most of them follow a static approach, tending

to process a large number of interpolated rules which are generally discarded

once the results have been derived. Nonetheless, the interpolated rules may

contain potentially useful information. This thesis presents a dynamic TSK

system by exploiting such rules to support subsequent inference and promote

rule bases. The obtained intermediate rules supplement the initial rule base,

allowing it to expand to a larger set size. Afterwards, a clustering algorithm

is employed to categorise rules into different groups so that an interpolated

conclusion can be computed using the closest rules selected from a small num-

ber of the nearest rule clusters. Through systematic experimental comparisons

with the conventional static approach, the proposed dynamic TSK system not

only improves the overall reasoning accuracy but also reduces interpolation

overheads by avoiding the need to interpolate similar observations.
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Chapter 1

Introduction

The field of fuzzy logic arose from Lotfi A. Zadehs publication (Zadeh, 1965),

which introduced the fuzzy set theory in detail. In recent decades, fuzzy logic

has developed rapidly and has been widely utilised to reinforce artificial intelli-

gence systems, including clustering methodologies (e.g., (Bezdek et al., 1984);

(Zhang & Chen, 2004); (Fan et al., 2003); (Graves & Pedrycz, 2010); (Jiang

et al., 2015)) and fuzzy expert systems (e.g., (Mamdani & Assilian, 1975);

(Takagi & Sugeno, 1985); (Jang, 1993); (Kasabov & Song, 2002); (Castil-

lo & Melin, 2012)). It has also been successfully applied to solving various

real-world problems (e.g., (Ross, 2004); (Asai et al., 1994); (Bo & Lai, 2011);

(Alcala-Fdez & Alonso, 2016)).

One of the central topics of the fuzzy set theory is expressing uncertain

information and linguistic terms that are difficult to describe using precise

mathematical language, such as fast and slow, and young and old, which makes

it well known and widely applied. Fuzzy expert systems are a type of popular

inference systems developed on the basis of fuzzy theory, enabling the inference

process to resemble human activity and reasoning intuition by exploiting their

potential for imprecision, partial truth and approximations. Fuzzy rule-based

systems are one of the most commonly used such inference mechanisms.
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1.1 Fuzzy Rule-Based Systems

Rule-based systems provide the computational mechanisms that can be found

in most expert or knowledge-based systems (Kurfess, 2003). The knowledge

bases are represented as a collection of rules that are typically expressed as

if-then clauses, and the inference method for deriving new conclusions from ex-

isting knowledge follows the manner of modus ponens (Kovarik, 2009) (Liao,

2005) (Grosan & Abraham, 2011). It can be summarised as that if the in-

put observations match rule antecedents, then the outputs can be obtained as

the corresponding rule consequents. However, conventional crisp rule-based

systems may fail to generate satisfactory results while involving uncertain in-

formation and linguistic terms that are hard to describe precisely.

Fortunately, with the support of fuzzy logic and fuzzy set theory, fuzzy

rule-based systems (FRBSs) allow all such terms to be represented by fuzzy

sets, enabling the inference process to resemble human reasoning. The infer-

ence mechanism of most FRBSs follows the compositional rule of inference

(CRI) principle (Zadeh, 1973). That is, if the system input coincides with the

antecedent of a fuzzy rule, then the output should coincide with the consequent

that corresponds to the antecedent of that fuzzy rule (Scherer, 2012). This is

different from crisp rule-based systems, where in general, only one rule will be

fired for each instance, as the FRBSs allow an instance to match with multiple

rules at the same time, as long as the instance overlaps with corresponding

rule antecedents. Various fuzzy rule inference systems have been developed

in the literature based on the law of CRI. Mamdani models (Mamdani & As-

silian, 1975) and TSK models (Takagi & Sugeno, 1985) are two conventional

systems and are the most widely used. Mamdani models use fuzzy sets as rule

antecedents and consequents. A defuzzification process is usually required to

obtain crisp results in practice. In TSK models, fuzzy sets are used as rule

antecedents and polynomials as the consequents, whose application directly
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results in crisp conclusions. As such, TSK models are particularly suitable for

solving regression and prediction problems in continuously valued domains.

Although generally powerful, CRI-type FRBSs all suffer from an important

limitation: the dense rule base is generally required. FRBSs may fail to draw

a reasonable conclusion for an unknown observation when the rule base is not

dense but sparse. The observation may not overlap with any of the given

rules. Thus, no rule can be fired to produce the corresponding conclusion by

directly applying CRI. In real-world tasks, sparse rule bases are a common

issue whereas dense ones are difficult to acquire (Baranyi et al., 1999).

1.2 Fuzzy Rule Interpolation

FRI has been developed to rectify or at least to reduce the adverse impact of

the key limitation of CRI-type FRBSs. It provides an approximate reasoning

mechanism when only sparse rule bases are available. As CRI-type FRBSs

fundamentally require that the unknown observations must match at least one

fuzzy rule in the rule base to draw reasonable and accurate conclusions, the

input domain must be fully covered by the rule antecedents in the given rule

base. Otherwise, it is possible that an observation may not match any rule in

the given rule base, thereby no conclusion can be produced using traditional

rule-firing mechanisms. This is independent of what rule models are employed.

Rule bases in this situation are termed sparse (although this is often taken to

simply imply an incomplete rule base) in the literature. The dense and sparse

rule bases considered in this thesis refer to the coverage of the input domain

by the antecedents of rules rather than the quantity and density of rules in a

given rule base.

The tomato classification problem (Mizumoto & Zimmermann, 1982) (Kóczy

& Hirota, 1993) is a typical example in this field. The ripeness–colour relation
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rule base consists of two rules:

• If a tomato is green, the tomato is unripe.

• If a tomato is red, then the tomato is ripe.

For the new observation, a yellow tomato, which matches none of the given

rules, the conventional fuzzy inference will collapse and can not provide any

result.

The resolution of real-world cases is typically undertaken using incomplete

rule bases, given that denser ones are difficult to acquire. (Baranyi et al., 1999)

and (Tikk & Baranyi, 2000a) introduced several reasons leading to the use of

such incomplete rule bases. The two most common reasons are as follows:

1. The knowledge base for fuzzy rule generation is incomplete at first, be-

cause of the limitation of human expertise or machine learning tech-

niques.

2. Simplification on fuzzy rule bases, to reduce computational overheads.

FRI introduces an underlying mechanism different from CRI and many

of its derivatives to deal with these issues. When an observation does not

overlap with any rule antecedent, FRI helps generate an intermediate rule by

approximating neighbouring rules for the observation to obtain a potentially

relevant conclusion (Kczy & Hirota, 1993) (Kczy & Hirota, 2015). FRI makes

an essential breakthrough in FRBSs to address the key limitation, that is,

the requirement of a dense fuzzy rule base that fully covers the entire input

domain.

FRI contributes significantly to the development of FRBSs by enabling

reasoning in situations where only incomplete rule bases are available. It also

provides the potential for a reverse application: simplifying over dense fuzzy
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rule bases that suffer overlap redundancy (Koczy et al., 1997). This can usually

be achieved by two distinct implementations: (i) replacing two existing rules

with the interpolated one, iteratively; (ii) eliminating those fuzzy rules that can

be approximated from their neighbours (Li et al., 2021). Although it is rarely

found in the majority of FRI methodologies developed in the literature, over

dense rule base simplification may play an important role in future research

involving big data.

With the support of FRI, FRBSs have greatly improved its ability and

efficacy in resolving practical problems. FRI has helped to reinforce the per-

formance of FRBSs on practical pattern recognition problems, including classic

classification and prediction problems (Li et al., 2018a) (Li et al., 2019) (Chen

& Chen, 2016) (using weighted FRI techniques); computer vision and image

super-resolution (Yang et al., 2021); and disease diagnosis, especially mam-

mographic mass risk analysis (Li et al., 2020) and colorectal polyp detection

(Nagy et al., 2018). The work on dynamic FRI (Naik et al., 2014) (Naik

et al., 2017b) provides promising solutions to cyber-security problems, such as

network security analysis, intelligent intrusion detection (Naik et al., 2017b),

and firewall reinforcement (especially for Microsoft Windows firewall) (Naik

et al., 2017a). FRI also has impressive applications in systems control, such

as the simulation of automated guided vehicles (Kovcs-Lszl & Kczy, 1999),

surveillance navigation control of mobile robots (Vincze & Kovacs, 2008), and

behaviour based control (Kovcs & Kczy, 2004).

1.2.1 Current Challenges and Motivations

A good number of FRI approaches have been established over the past few

decades. Just considering the popular family of transformation-based fuzzy

rule interpolation (T-FRI) techniques (Huang & Shen, 2008) that generally

follow the seminal work on linear interpolation (Kóczy & Hirota, 1993), there
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have been many distinct FRI mechanisms reported in the literature, including

adaptive interpolation (Yang & Shen, 2011), higher-order interpolation (Chen

et al., 2016), and weighted FRI techniques (Li et al., 2018a). However, these

exemplified techniques are all developed for Mamdani models rather than for

TSK models. Therefore, a novel approach suitable for performing FRI for TSK

models under different circumstances is worth investigating.

In real-world data mining applications, missing values are a common prob-

lem that may lead to lack of data integrity and reduce the reliability of sub-

sequent developments. Missing value imputation has the capability to resolve

such issues. However, existing imputation approaches have their own short-

comings. For example, statistic imputation, such as mean and median im-

putation, ignores the relationship between attributes, and linear regression

imputation can deal only with linear relations, not nonlinear ones. TSK infer-

ence systems have the potential to simulate a nonlinear relationship between

features, but how they may be adopted to resolve missing value imputation

tasks remains a challenge.

In real-world applications of fuzzy systems, the inputs are usually time

dependent, and the requirements may change over time. If the frequently

appearing unmatched observations are highly similar, the use of a static rule

base (one that does not change over time) will repeat similar work and affect

the efficacy of fuzzy inference systems. Therefore, dynamically maintaining

the rule base is required in an effort to greatly improve the efficacy of the

system concerned through enhanced coverage of the rule base.

1.3 Main Contributions within Thesis

Motivated by the above observation, this thesis makes four major contributions

to the FRI literature: (i) a novel FRI approach for TSK models, interpolating
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with a small number of closest neighbour rules, derives reasonable interpola-

tive conclusions where a sparse rule base is present; (ii) the proposed approach

provides a clustering-aided implementation to resolve the problem of lacking di-

versity of rules being involved in subsequent interpolation where a large-sized

sparse rule base is present; (iii) a novel missing value imputation approach

based on TSK inference systems, which provides more accurate estimated val-

ues and helps improve the accuracy of subsequent classification systems; (iv)

a novel framework of dynamic TSK systems supported by the proposed FRI

approaches provides a novel approach to make dynamically maintaining rule

bases possible. The proposed systems significantly reduce computational over-

heads and enhance the coverage of rule bases.

1.3.1 Static TSK Models Supported by FRI with K-

Neighbours

TSK inference extension (TSK+) (Li et al., 2018b) is a recently proposed

fuzzy interpolative reasoning method aimed at fuzzy systems employing TSK

models. Instead of relying on computing the matching degrees, it uses a dis-

tance metric-based similarity measure to perform interpolative reasoning, by

manipulating all rules that the rule base contains. In so doing, when an input

matches no rule, a certain output is still obtained. Although TSK+ offers

a useful means for innovative inference, it has its own shortcomings. Partic-

ularly, it is not sufficiently efficient for many practical applications because

it fundamentally requires the use of all given rules, thus incurring significant

computational overheads. Besides, redundant or even possibly irrelevant rules

are also included in any attempt to compute the output. This may well intro-

duce undesirable bias into the final interpolated outcomes, thereby reducing

accuracy of the system.

Whilst running TSK+, it is easy to reveal that those rules nearest to an
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unmatched observation generally have a much higher similarity degree than

others. Inspired by this observation, a novel approach, interpolation with

(just) K closest neighbours, is proposed herein that provides two novel imple-

mentations: (i) interpolation with K closest rules (KCR) for sparse rule bases

of a small size, and (ii) K closest rule clusters (CRC) for large-sized sparse rule

bases. The underlying principle for both is to perform interpolation with K

closest neighbouring rules where K is normally a small number. In so doing,

the adverse impact caused by rules with low similarities can be avoided while

reducing computation. Furthermore, the problem of lacking diversity of rules

being involved in subsequent interpolation, which is caused by the situation

where a large-sized sparse rule base is present but the K closest rules may be

very similar with each other, can be resolved. To ensure the proposed approach

does not rely on any specific clustering algorithm, the proposed implementa-

tion for the second method is systematically evaluated using five clustering

techniques.

1.3.2 Missing Value Imputation by Fuzzy Inference Sys-

tems

This thesis presents a missing value imputation approach supported by TSK

models for the water treatment plant dataset. The mechanism of this approach

is to establish a TSK system, the rule base of which is derived by regarding

the variable with missing values as the output variable and others as input

variables. In a situation where no rules within the obtained rule base match,

the interpolation technique is utilised to approximate the missing value. Sys-

tematic experiments demonstrate that the proposed imputation approach can

produce accurate outcomes and help improve the accuracy of subsequent clas-

sification systems.
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1.3.3 Dynamic TSK Systems Supported by FRI

To design a dynamic TSK system, additional information is necessary. For-

tunately, FRI offers such potential due to the fact that most existing FRI

systems tend to produce a large amount of interpolated rules over time, which

are generally discarded once the results have been derived. Exploiting these

interpolated rules may help update the original sparse rule base, thereby con-

structing a dynamic system.

Many approaches make the creation of a real-time rule base possible, in-

cluding adaptive fuzzy control (Astrom & Witternmark, 1995) (Mohan & B-

hanot, 2006) (Zhang & Bien, 2000) and optimisation-based fuzzy rule gener-

ation (Wu et al., 2001) (Angelov & Buswell, 2003) (Angelov, 2003). Unfortu-

nately, all these techniques are developed for dense (fully covered) rule bases.

They can not be applied to sparse rule bases directly because of the inherent

pattern-matching mechanisms they use, given that no conclusion can be drawn

when an observation does not (partially or fully) match any of the rules in the

rule base. Dynamic fuzzy rule interpolation (D-FRI) (Naik et al., 2017b) pro-

vides a novel methodology to exploit the interpolated rules generated by FRI.

However, due to it is specifically designed for Mamdani-type models (whose

consequents are fuzzy sets), this approach can not be directly applied to TSK

models (whose consequents are polynomials). To construct a dynamic TSK

model, the corresponding interpolation method and rule promoting process for

polynomial consequents are required.

In extending the underlying ideas of the aforementioned FRI approach

and D-FRI, a dynamic TSK system is presented in this thesis. Particularly,

when running on a sparse rule base of a small size, the outcomes with respect

to unmatched observations are inferred by interpolating a small number of

closest rules. The interpolated rule is then constructed to a new rule and

directly added to the original sparse rule base. When the number of rules, be

9



they original or interpolated, reaches a certain threshold, the rules are clustered

first and the corresponding conclusions are computed using the closest rules

selected from a small number of closest rule clusters. The interpolated rules

are then, also integrated into the rule base.

1.4 Thesis Structure

The rest of this thesis is structured as follows (with an indication of directly

relevant, peer-reviewed publications produced as a result of this research):

Chapter 2: Literature Review

This chapter reviews the preliminary knowledge that is relevant to this project,

including a summary of several existing static and dynamic fuzzy rule infer-

ence systems supported by FRI methodologies; an overview of different types

of clustering algorithms, especially fuzzy c-means and its extensions; and an

outline of conventional missing value imputation methodologies.

Chapter 3: FRI with K-Neighbours for Static TSK Mod-

els

This chapter presents a novel FRI approach with two implementations suitable

for performing fuzzy rule interpolation with static TSK fuzzy inference models:

(i) KCR for sparse rule bases of a small size, and (ii) CRC for large-sized sparse

rule bases. The key principle for both is to perform interpolation using a small

number of distinctive rules closest to an unmatched input. In addition, rule

weight determination approaches related to interpolative reasoning are also

discussed in this chapter. The content of this chapter have been accepted for

publication by IEEE Transaction on Fuzzy Systems (Zhang et al., 2021).
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Chapter 4: Experimental Investigation of FRI for Static

TSK Models

This chapter describes the setting of the experiments carried out and discusses

the results of comparative experimental evaluations. Several rule weight de-

termination approaches are systemically evaluated over benchmark datasets

at first, and the overall winner is applied in subsequent investigations. Af-

terwards, to ensure the proposed approach does not rely on any specific clus-

tering algorithm, several popular clustering algorithms are used to perform

rule clustering. Systematic comparative experimental studies demonstrate the

effectiveness and robustness of both implementations.

Chapter 5: Missing Value Imputation for Water Treat-

ment Plant Dataset

This chapter proposes a missing value imputation approach for the water treat-

ment plant dataset. The TSK model is used to establish the relationship be-

tween the variables with and without missing values. The proposed imputation

technique will be evaluated based on the accuracy of obtained outcomes and

the accuracy of subsequent classification systems. The content of this chapter

is under peer-review for journal publication.

Chapter 6: Dynamic TSK Systems Supported by Fuzzy

Rule Interpolation

This chapter presents an initial investigation on a novel dynamic TSK infer-

ence system suitable for working with sparse rule bases. This system facilitates

the dynamic maintenance of rule base and performing on real-world applica-

tions whose requirements may change over time. FRI approaches provide such
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potential because of the large number of interpolated rules produced in their

reasoning process. Experimental results demonstrate that compared with the

existing static TSK inference approaches, the proposed systems increase the

overall reasoning accuracy and decrease interpolation overheads by avoiding

the need for interpolating observations similar to those experienced. The con-

tent of this chapter has been published in (Zhang & Shen, 2020) and selected

as one of the finalists in WCCI 2020’s Best Student Paper Awards.

Chapter 7: Conclusion

This chapter summarises the work contained in this thesis, along with inter-

esting suggestions for future research.

Appendices

Appendix A lists the publications arising from the work presented in this

thesis, including three journal articles and three conference papers that have

been published or are under review for publication. Appendix B summarises

the abbreviations employed in this thesis.

The guidance for assisting the reading of this thesis for the following chap-

ters (bar Appendices) is given in Fig. 1.1.
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Figure 1.1: Guidance for thesis reading.
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Chapter 2

Literature Review

This chapter reviews the preliminary background knowledge which is relevant

to the research of the subsequent chapters, including TSK fuzzy models, static

and dynamic fuzzy inference systems supported by FRI methodologies, clus-

tering algorithms, and missing value imputation techniques. Fig. 2.1 provides

a tree structure for assisting the reading of the literature review.

2.1 Fuzzy Rule-Based Inference Systems

The Mamdani (Mamdani & Assilian, 1975) and TSK (Takagi & Sugeno, 1985)

fuzzy models are the two most widely applied fuzzy rule-based systems follow-

ing the law of CRI.

TSK models use fuzzy sets as rule antecedents and polynomials as rule

consequents while the antecedents and consequents of Mamdani models are

both represented by fuzzy sets. The inference process of the Mamdani and

TSK model are respectively exemplified in Fig. 2.2 and Fig. 2.3.

In these two figures, (Ai, Bi), (Aj, Bj) stand for the antecedents of rules

Ri, Rj; Ci, Cj mean the consequents of Ri, Rj in Mamdani models; fi(x, y),

fj(x, y) denote the consequents ofRi, Rj for TSK models; αi, αj are the weights
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Figure 2.1: Structure of literature review.
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Figure 2.2: Example of inference process with Mamdani model.

Figure 2.3: Example of inference process with TSK model.
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of the corresponding rules; and (x, y) represents the observation. The observa-

tion (x, y) are firstly matched with the corresponding rule antecedents (A,B)

with different membership degrees, the minimal membership will be regard-

ed as the weight of the rule. In Mamdani model, a defuzzification process is

usually required to obtain crisp results in practice. In TSK models, the weight-

ed average method is usually employed to integrate sub-conclusions directly

into crisp conclusions, which makes it more applicable for solving regression

problems.

As presented in Fig. 2.3, TSK models perform inference for a novel obser-

vation by integrating conclusions generated by its overlapping rule, which is

generally implemented by the weighted average. The weight of these overlap-

ping rules is determined by an integrating operation (usually implemented by a

minimum operator) on the matching degrees between the antecedent variables

of the observation and their counterparts in each rule.

Particularly, rule antecedents in FRBSs are usually represented by the

fuzzy sets. Distinguish with conventional Boolean sets which have crisp bound-

aries (an instance can only belong or not belong to a certain group), fuzzy sets

use the membership function to describe the partial degrees to which an in-

stance is considered to belong to a certain category.

Membership functions have two major categories in terms of their proper-

ties in practice (Li et al., 2021), which are:

• Polygonal (piecewise linear) functions, including triangular-shaped, trapezoidal-

shaped, hexagonal-shaped MF, etc. Generally, they are defined by their

characteristic points in ascending order (the odd points of the corre-

sponding mathematical function) (Huang & Shen, 2008).

• Nonlinear functions, typically including Gaussian, generalised bell-shaped,

and Sigmoid function. They are usually represented by the parameters
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that specify each nonlinear function (e.g., mean and variance for Gaus-

sian function).

Theoretically, the universe of membership functions is infinite, as any con-

vex and continuous function can be adopted as a membership function. It

is a relief to note that only a few of them are typical and extensively used.

Triangular and trapezoidal functions are the two most popular ones in the

literature amongst the family of membership functions (Li et al., 2021). More-

over, as empirically proven, if the membership functions can be appropriately

fine-tuned, the use of different types of membership functions has little im-

pact on the fuzzy rule-based inference results (Li et al., 2018b) (Chang & Fan,

2008). Therefore, in this thesis, triangular membership functions are applied

to describe fuzzy sets and construct all FRI methods unless otherwise stated

for illustrative and demonstrative consistency and simplicity, as well as for

their popularity in the literature.

Fig. 2.4 illustrates a normal and convex triangular membership function as

an example. The fuzzy set A can be described by the three characteristic points

as A(a1, a2, a3). µ(µ ∈ [0, 1]) represents that in which membership degree the

instance belongs to the corresponding category. It should be noticed that

although µ = 0 denotes that the instance does not belong to the fuzzy set, the

instance with µ = 1 may still belong to other fuzzy sets with a different µ.

Suppose that a TSK sparse fuzzy rule base is given, containing m rules

with n antecedent variables, each rule is then defined by

Ri : if x1 is Ai1, ..., xn is Ain, then fi(x1, ..., xn) = ai0 + ai1x1 + ...+ ainxn

(2.1)

where Ai1, ..., Ain are the fuzzy sets taken by the rule antecedent variables,

and ai0, ai1, ..., ain are the parameters specifying the polynomials of the rule’s
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Figure 2.4: Fuzzy set represented by normal and convex triangular membership
function.

consequent. Given an observation O(B1, ..., Bn), the detailed description of

the TSK model can be found in Alg. 1.

2.2 Fuzzy Rule Interpolation

As indicated previously, CRI-type FRBSs require the input domain to be fully

covered by the given rule base. While only sparse fuzzy rule bases are available,

a given observation may match no rule and the weight of each rule αi will be 0.

Thus, neither sub-conclusion nor final result can be generated. FRI has been

developed to produce conclusions for unmatched observations by exploiting

the approximation of their neighbouring rules. What follows is a summary of

the most common and popular interpolation technics, upon which this work is

built.
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Algorithm 1: Inference with TSK models

Input: Rule base {Ri}; Observation O

Output: Conclusion f(O)

1. Calculate matching degrees between antecedent variables of observation

O and their counterparts in each rule Ri:

D(Ai1, B1), ..., D(Ain, Bn)

2. Determine weight of Ri by integrating all matching degrees:

αi = D(Ai1, B1) ∧ ... ∧D(Ain, Bn)

where ∧ is usually implemented by minimum.

3. Take observation O as input to compute rule consequent polynomial for

each of k matched rules, resulting in sub-conclusions:

fi(B1, ..., Bn) = ai0 + ai1B1 + ...+ ainBn

4. Integrate all sub-conclusions to obtain final outcome for consequent by

weighted average:

f(B1, ..., Bn) =
Σk
i=1αifi(B1, ..., Bn)

Σk
i=1αi

(2.2)

5. Return: f(B1, ..., Bn).
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2.2.1 Linear Fuzzy Rule Interpolation

Linear fuzzy rule interpolation (Kóczy & Hirota, 1993), also known as the KH

interpolation method, is the very first method to perform fuzzy interpolative

reasoning on sparse rule bases through the manipulation of α-cut distances. It

provides the initial principle for fuzzy rule interpolation reasoning. That is:

The closer a rule antecedent is to the observation, the closer the rule

consequent is to the predicted conclusion corresponding to the observation.

Suppose that the two fuzzy rules is given:

• If X is Ai then Y is Bi

• If X is Aj then Y is Bj

and A∗ is an observation, which have no overlap with A1 and A2, and B∗

is the conclusion to be interpolated. Then, the notion of linear fuzzy rule

interpolation to implement the above principle can be written as:

d(A∗, A1)

d(A∗, A2)
=
d(B∗, B1)

d(B∗, B2)
(2.3)

The fuzzy distance between the two fuzzy sets can be also interpreted by

the pair-distance of the lower and upper boundary between their α-cut sets

(α ∈ [0, 1] ), as denoted follows:

dL(Aiα, Ajα) = d(inf{Aiα}, inf{Ajα}) (2.4)

dU(Aiα, Ajα) = d(sup{Aiα}, sup{Ajα}) (2.5)
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where dL means the fuzzy distance between the lower boundary, and dU means

distance between the upper boundary.

Replacing the distance in equation 2.3 with fuzzy distance in equations 2.4

and 2.5, B∗ can be calculated by:

min{B∗α} =

inf{Biα}
dL(A∗α,Aiα)

+
inf{Bjα}

dL(A∗α,Ajα)

1
dL(A∗α,Aiα)

+ 1
dL(A∗α,Ajα)

(2.6)

max{B∗α} =

sup{Biα}
dU (A∗α,Aiα)

+
sup{Bjα}
dU (A∗α,Ajα)

1
dU (A∗α,Aiα)

+ 1
dU (A∗α,Ajα)

(2.7)

It is also demonstrated that if the rule antecedents and the observations

are normal triangular membership functions, the newly interpolated rules will

also be normal triangular (Kóczy & Hirota, 1993). Therefore, two different

α are sufficient to obtain the conclusion B∗. As for extending to multiple

antecedent variables, which means that the antecedent consists of more than

one variable, the distance will be calculated by follows:

dαi = (
√

(dαi1)2 + (dαi2)2 + ...+ (dαim)2))−1 (2.8)

where dαim represents the distance of the mth antecedent between observation

and rule Ri.

In last decades, various FRI approaches have been developed following this

seminal work to perform fuzzy interpolative reasoning with different charac-

teristics. For example, extensions of the KH FRI (e.g., (Koczy et al., 1997);

(Kovcs, 2014); (Koczy et al., 2000); (Baranyi et al., 1999); (Tikk & Baranyi,

2000b); (Yam et al., 1999); (Joo et al., 2002); (Au & Chan, 2002)), which
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establish the fundamental of FRI; FRI with multiple fuzzy rules (Chang et al.,

2008) (Chen et al., 2013) (Yang & Sheng, 2013) (Kovcs, 2006), which expand

the mechanism to multiple rules instead of only two rules; FRI with weight-

ed fuzzy rules (Chen & Chen, 2016), which imports feature weights in FRI;,

FRI with interval type-2 fuzzy sets (Chen & Lee, 2011), which extends FRI to

type-2 fuzzy systems; transformation-based FRI (Huang & Shen, 2008), which

solves the convex problem in FRI; and FRI with adaptivity (Cheng et al., 2016)

(Chen & Adam, 2017), which provide an approach to rectify FRI. The most

recent work as reported in (Chen et al., 2019) provides a novel approach that

makes it possible to automatically select fuzzy rules for interpolation. Having

recognised this, the approach presented in this thesis will also be compared

with that approach.

2.2.2 Automated Rule Selection (AutoRS)

In many classic fuzzy rule interpolation methods, the number of closest rules

K is a fixed number provided by a trial and error process, which is time

and computation expended. Automated rule selection (AutoRS) (Chen et al.,

2019) proposed a novel approach that makes automatically selecting fuzzy

rules useful for subsequent interpolation without human intervention possible.

It searches for a set of closest fuzzy rules whose antecedent fuzzy sets lie on

both sides of the unmatched observation, or preciously, the selected fuzzy rule

set U(R) must satisfy one of the following three scenarios:

1. ∃Ri, Rj ∈ U(R), Rep(Aik) > Rep(Bk) and Rep(Ajk) < Rep(Bk) (i < j)

2. ∃Ri, Rj ∈ U(R), Rep(Aik) < Rep(Bk) and Rep(Ajk) > Rep(Bk) (i < j)

3. ∃Ri ∈ U(R), Rep(Aik) = Rep(Bk)
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where Rep(Aik) stands for the representative value of the k-th antecedent fuzzy

set of i-th fuzzy rule, and Rep(Bk) means the representative value of the k-th

feature of the unmatched observation O.

The candidate of the required rule set for subsequent interpolation is ob-

tained by adding rules iteratively from the nearest one to far away ones until

the rule set satisfies the above scenarios. Then, the redundant rules in the

candidate rule set are removed through a post pruning process in order to

make the final rule set can keep the amount of rules to a minimum while still

meeting the above scenarios. Its main procedure can be summarised as shown

in Alg. 2.

Algorithm 2: AutoRS for interpolation

Input: Rule base {Ri}; Observation O

Output: Selected rule set for interpolation U(R)

1. Obtain a candidate rule set, U ′(Rk), for each feature by iteratively

adding rules from nearest one to far away ones until rule set satisfies

one of three scenarios.

2. Assign largest candidate rule set as initial U(R).

3. Check if U(R) satisfies either of scenarios for all other features. If so,

stop; otherwise, update U(R) = U(R) ∪ U ′(Rk)

4. Post prune U(R): For each Ri ∈ U(R), if U(R)− {Ri} still satisfies one

of scenarios, update U(R) = U(R)−Ri; otherwise, retain Ri.

5. Repeat Step 4 with i = i+ 1.

6. Return: U(R).
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Whilst having its own advantages, AutoRS still has two main limitations.

• It strongly restricts that the rules for interpolation have to flank the

unmatched observation. It may fail in the certain situation where existing

one of the variables whose values only lie on one side of the observation.

• It suffers the problem that in large size sparse rule bases, the chosen rules

may be very similar with each other, which leads to lacking diversity for

FRI.

2.2.3 TSK Inference Extension (TSK+)

TSK inference extension (TSK+) (Li et al., 2018b) is a recently proposed fuzzy

inference approach based on the TSK model, extending its capability to be able

to handle sparse fuzzy rule bases. Instead of exploiting matching degrees, a

similarity measure based on a certain distance metric (Chen & Chen, 2003) is

utilised to perform interpolative inference, with all rules in the rule base being

involved in the interpolation. As such, even if an observation matches no rule,

a certain conclusion can be generated. The inference procedure of TSK+ is

summarised in Alg. 3.

Whilst being a useful approach, TSK+ has its own shortcomings. Partic-

ularly, it is not sufficiently efficient for many practical applications given its

nature of fundamentally requiring the use of all given rules, incurring signifi-

cant computational overheads. Besides, redundant or even possibly irrelevant

rules are also included in any attempt to compute the output. This may well

introduce undesirable bias into the final interpolated outcomes, thereby reduc-

ing the system accuracy.
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Algorithm 3: TSK extension

Input: Rule base {Ri}; Observation O

Output: Interpolated conclusion f(O)

1. Calculate similarities between observation and each rule Ri:

S(Ai1, B1), ..., S(Ain, Bn)

2. Determine weight of rule Ri:

αi = S(Ai1, B1) ∧ ... ∧ S(Ain, Bn)

3. Integrate all similarity measures to obtain interpolated rule, with

parameters of its consequent being:

a0 =
Σm
i=1αiai0
Σm
i=1αi

, ...., an =
Σm
i=1αiain
Σm
i=1αi

(2.9)

4. Take observation O as input of interpolated rule and compute

interpolated outcome as

f(B1, ..., Bn) = a0 + a1B1 + ...+ anBn

5. Return: f(B1, ..., Bn).

2.2.4 Dynamic Fuzzy Inference Systems Supported by

Fuzzy Rule Interpolation

FRI methodologies for static systems provide the potential for performing fuzzy

reasoning on sparse rule bases. However, in real-world applications of fuzzy

systems, the inputs are usually time-dependent and the requirements of fuzzy

systems may change over time. In such cases, the use of a static rule base

(one that does not change over time) will affect the efficacy of fuzzy inference

systems. Note that the goal of FRI is to produce an interpolative conclusion

relevant to the input observation rather than to produce an interpolated rule

through interpolative reasoning. The interpolated rules are usually discarded
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once the results are derived.

As such, if the frequently appearing unmatched observations are of high

similarity, similar rule interpolation procedures will keep repeating, resulting

in the increase of the computation overheads. Moreover, the abandoned inter-

polated rules may contain valuable potential information such as the uncovered

input domain in original sparse rule bases. In order to collect and utilise such

abandoned interpolated rules, a dynamic rule-based interpolation method is

proposed in (Naik et al., 2014).

Although there are many approaches which make the creation of a real-

time rule base possible, in the areas of adaptive fuzzy control (Astrom &

Witternmark, 1995) (Mohan & Bhanot, 2006) (Zhang & Bien, 2000) (Liu et al.,

2001) and optimization-based fuzzy rule generation (Wu et al., 2001) (Angelov

& Buswell, 2003) (Angelov, 2003). Unfortunately, all these techniques are

developed for dense (fully covered) rule bases. They can not be applied to

sparse rule bases directly due to the inherent pattern-matching mechanisms

used by them, where no conclusion can be drawn when an observation does

not (partially or fully) match any of the rules in the rule base. There are

several methods have been proposed for dynamic models including (Åström

& Wittenmark, 2013), most of them are developed on dense rule bases, which

can not be employed to sparse rule bases directly.

Dynamic fuzzy rule interpolation (D-FRI) (Naik et al., 2017b) presents

a Genetic Algorithm (GA)-based dynamic FRI method for Mamdani models

where a sparse rule bases is present. The overall inference process of D-FRI is

summarised in Fig. 2.5.

In implementing this system, scale and move transformation-based fuzzy

rule interpolation (T-FRI) (Huang & Shen, 2008) is employed to conducting

interpolative reasoning and producing candidate interpolated rules. The new

rules to be added into the original sparse rule base is generated by aggregating

27



F
igu

re
2.5:

G
A

-b
ased

d
y
n
am

ic-F
R

I
for

M
an

d
an

i
m

o
d
els

28



and promoting all candidate rules in the following four procedures:

(1) Divide the input domain into same-size hyper-cubes (or multi-dimensional

blocks). The size and number of hyper-cubes can be adjusted according to

the requirements of inference. Suppose that the antecedent domain consists of

N-dimensional variables, and each variable is divided into η intervals, then the

total number of hyper-cubes is H = ηN (Naik et al., 2014).

To deal with the situation where a rule may appear in more than one hyper-

cube caused by rule antecedents are represented by fuzzy sets, the centre of

gravity (COG) is applied to representing the original antecedents and deter-

mining which hyper-cuber the rule should belong to. Within all hyper-cubes,

only non-empty ones are valuable and will be termed as input for subsequent

GA-based clustering algorithm.

(2) Cluster these non-empty hyper-cubes with GA-based clustering algorithm.

The Dunn Index is applied to designing the fitness function due to its advan-

tages in evaluating clusters (Dunn, 1973), which is defined as the following:

f(Xi) = min{ mpq

max(sr)
}(p 6= q) (2.10)

where sr is the intra-cluster distance measurement (the distance between an

interpolated rule and the centroid of its cluster), and mpq is inter-cluster dis-

tance measurement (the distance between the centroids of two clusters), which

are respectively calculated by:

sr =

√
ΣR′∈Cr

d(R′, µr)2

|Cr|
(2.11)
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mpq = d(µp, µq) (2.12)

where Cr represents the rth cluster in the result, and µr, µp, µq represent the

centroid of Cr, Cp, Cq, respectively. Particularly, in Eqn. 2.11, the distance

between R′ and µr is given:

d(R′, µq) =
√

ΣN
i=1rep(A

′
i)− µ(q,i))2 (2.13)

where rep(A′i) is implemented by the centre of gravity (COG) of the i-th an-

tecedent of R′, and µ(q,i) is the corresponding variable of cluster centroid q.

Distinct from conventional clustering algorithms in which the number of clus-

ters has to be manually decided, such as K-means (MacQueen et al., 1967),

Gaussian mixture models (Bilmes et al., 1998) and fuzzy c-means (Bezdek

et al., 1984), GA-based clustering algorithm makes automatically selecting the

number of clusters without human intervention possible.

(3) Determine strong hyper-cubes and weak ones based on the number of rules

in each rule cluster according to the predefined threshold. Merge weak hyper-

cubes into their closest strong ones.

(4) Integrate and promote the candidate rules in the strong hyper-cubes to

obtain representative rules. The obtained rules are added into original sparse

rule bases, while the candidate rules are abandoned.

Note that the interpolation and rule promotion process of D-FRI is particu-

larly designed for Mamdani type of fuzzy models, whose consequents are fuzzy

sets. To establish a dynamic TSK model whose consequents are polynomial,

an adapted approach for polynomial consequents is required.
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2.3 Clustering Algorithms

A brief introduction to five popularly used and readily available clustering

algorithms is given in this section, which will be adopted to implement the

rule clustering task in the subsequent development. Any one of these may be

employed to carry out the intended task, but these are collectively reviewed to

facilitate comparison, in an effort to make an informed choice of the potentially

most suitable. These five clustering algorithms represent different clustering

mechanisms, K-means is the conventional distance-based clustering techniques,

GMM is one of popular statistic-based clustering approaches, and fuzzy c-

means and its two extensions represent fuzzy-based clustering algorithms.

2.3.1 K-means

As one of the most widely used fuzzy clustering algorithms, K-means (Mac-

Queen et al., 1967) clusters instances into K groups by iteratively updating

cluster centres and assigning instances to their closest centres. The underly-

ing objective function (known as the inertia or within-cluster sum-of-squares

error) is defined as follows:

Jw(U, V ) = ΣN
j=1ΣK

i=1‖xji − vi‖2 (2.14)

where U denotes the set of instances, xji expresses that the j-th instance

belongs to the i-th cluster, V stands for the set of cluster centres and vi ∈ V ,

‖xj − vi‖2 represents the Euclidean distance between the object xji and the

centre vi, K is the number of cluster centres, and N is the number of instances.

The iterative process is detailed in Alg. 4.

31



Algorithm 4: K-means

Input: Instances xj; Number of cluster K

Output: Instances with label; Cluster centres V

1. Initialize V (0) randomly.

2. Set max iteration number L, termination condition ε, and counter k,

k = 0, 1, ...L

3. Compute the Euclidean distances between instances and all cluster

centres: D(xj, vi) (vi ∈ V (k))

4. Assign every instance to its closest centre.

5. Update V (k+1) with the mean values of instances in the corresponding

clusters

6. Compare V (k+1) and V (k). If ‖V (k+1) - V (k)‖ < ε or k = L, then stop;

otherwise, set V (k) = V (k+1) and return to step 3) .

7. Return: Labeled instances; V (K + 1).

This algorithm requires the number of clusters to be pre-specified. Many

methodologies have been proposed in the literature to determine the num-

ber of clusters, K, such as those through the use of: the Elbow method

(Thorndike, 1953), cross-validation, Bayesian Information Criterion (Bouvey-

ron & Brunet-Saumard, 2014) and Silhouette-based technique (Kodinariya &

Makwana, 2013). The Elbow method is fast and effective, and hence it is

employed in this thesis.

The elbow method determines the value of K based on the criteria that

adding another cluster does not lead to a much better modelling result (in

terms of the given objective function Eqn. 2.14). Fig. 2.6 shows a brief
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example of the relationship between the performance of K-means (SSE) and

the value of K. Obviously, 4 is the elbow point, thus the value of k, in this

case will be set to 4.

Figure 2.6: Determination of K using Elbow method.

2.3.2 Gaussian Mixture Models

Being another classical clustering algorithm, Gaussian Mixture Models(GMM)

(Bilmes et al., 1998) works by presuming that the distribution of instances

conforms to the linear combination of multiple Gaussian distribution functions,

which is defined by:

p(xj) = ΣK
i=1πjiN (xj|µi, σi) (2.15)
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where xj denotes an instance to be clustered, πji represents the probability

that the instance xj belongs to the i-th cluster, and µi and σi respectively

stands for the mean and standard deviation of the i-th Gaussian model.

Theoretically, this model can fit any type of data distribution. The ex-

pectation maximisation (EM) algorithm (Dempster et al., 1977) is the most

commonly used algorithm to construct GMM, which is outlined in Alg. 5,

Particularly, to identify the optimal partitions of GMM, the log-likelihood

function to be maximized is given:

log(
N∏
j=1

p(xj)) = ηNj=1log(ΣK
i=1πjiN (xj|µi, σi)) (2.16)

And the corresponding parameters are updated iteratively such that:

µi =
1

Ni

ΣN
i=1ηjixj

σi =
1

Ni

ΣN
i=1ηji(xj − µi)(xj − µi)T

πji =
Ni

N

(2.17)

where Ni = ΣN
j=1ηji, and ηji represent the conditional probability which is

calculated by:

ηji =
πjiN (xj|µi, σi)

ΣK
i=1πjiN (xj|µi, σi)

(2.18)
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Algorithm 5: EM algorithm for GMM Construction

Input: Instances xj; Number of cluster K

Output: Instances with label; Cluster centres V

1. Initialisation: Calculate initial means and variances of Gaussian models

using global dataset statistics, with number of models fixed to

predefined value K. Set termination condition ε.

2. E-step (Expectation): For each data point, compute its conditional

probability under each model using current setup of parameters with

Eqn. 2.18

3. M-step (Maximization): For each Gaussian model, update its

parameters using data and their corresponding conditional probabilities

with Eqn. 2.17

4. Iteration: Iterate Steps E and M until log likelihood (Eqn. 2.16

converges or becomes smaller than preset termination condition ε.

5. Return: Labeled instances; V .

2.3.3 Fuzzy C-means

Fuzzy c-means (FCM) (Bezdek et al., 1984) is a conventional clustering algo-

rithm, which has been popularly applied in dealing with various problems (e.g.,

for fuzzy rule base generation (Li et al., 2018a) and social network modelling

(Zhang & Shen, 2018)). Unlike crisp clustering algorithms such as K-means

and GMM, FCM allows an instance to belong to different clusters at the same

time with different membership degrees. It works by assigning membership

degrees to each instance based on the relative distance measurement between

individual cluster centres and that instance. The closer an instance is to a

cluster centre, the higher the membership degree the instance has. To iden-

tify the optimal partitions of FCM, the objective function to be minimized is
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defined as the following:

Jw(U, V ) = ΣN
j=1ΣK

i=1(uij)
w‖xj − vi‖2 (2.19)

where xj denotes an instance, w is a parameter that signifies the weight of

each component, K stands for the number of cluster centres, N is the number

of objects, V is the set of cluster centres with vi ∈ V , U is the matrix of

membership degree and uij ∈ U represents the membership degree of the

object xj belonging to the centre vi, and ‖xj − vi‖2 expresses the similarity

between the object xk and the centre vi.

The membership uik and the centre vi are updates iteratively as follows:

vi =
ΣN
j=1(uij)

wxj

ΣN
j=1(uij)w

(2.20)

uij = (ΣK
n=1(
‖xn − vi‖
‖xj − vn‖

)2/w−1)−1 (2.21)

The procedure of the fuzzy c-means algorithm is summarised in Alg. 6.
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Algorithm 6: Fuzzy C-means

Input: Instances xj; Number of cluster K

Output: Instances with label; Cluster centres V ; Matrix of membership

degree U

1. Initialize U (0) randomly.

2. Set max iteration number L, termination condition ε, and counter k,

k = 0, 1, ...L

3. Compute V (k) with U (k) with Eqn. 2.20.

4. Update U (k+1) by V (k) with Eqn. 2.21.

5. Compare U (k+1) and U (k). If ‖U (k+1) - U (k)‖ < ε or k = L, then stop;

otherwise, set U (k) = U (k+1) and return to step 3) .

6. Return: Labeled instances; V (k + 1); U(k + 1).

2.3.4 Kernel Fuzzy C-means

Being an extension to the standard FCM, Kernel fuzzy c-means (K-FCM)

(Zhang & Chen, 2004) it works by replacing the original Euclidean distance

with a kernel-induced distance. Kernel function is a nonlinear mapping that

transforms a low dimensional input data space into a feature space with a

much higher dimension, aiming at turning the original nonlinear problem into

a potentially linear one so as to facilitate problem solving (Müller et al., 2018).

There are three common used kernel function in the literature (Mller et al.,

2001), which are:

(1) Gaussian radial basis function (GRBF) kernel:
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KN(xj, vi) = exp
−‖xj − vi‖2

σ2
(2.22)

(2) Polynomial kernel:

KN(xj, vi) = (1 + 〈xj + vi〉)d (2.23)

(3) Sigmoid kernel:

KN(xj, vi) = tanh(α〈xj + vi〉+ β) (2.24)

where xj states an instance, vi means a cluster centre, σ2 is the variance of

the instances and d, α, β are the adjustable parameters of the above kernel

functions. For the sigmoid function, only a set of parameters satisfying the

Mercer theorem can be used to define a kernel function.

The Gaussian radial basis function (GRBF) kernel is the one employed in

this thesis because no additional parameters are introduced. As it is a direct

extension of FCM, the algorithm procedure is omitted here. However, note

that adapted from its original, the underlying objective function is now:

Jw(U, V ) = ΣN
j=1ΣK

i=1(uij)
w(1−KN(xj, vi)) (2.25)

with Eqn. 2.20 and Eqn. 2.21 respectively transformed to:
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vi =
ΣN
j=1(uij)

wKN(xj, vi)xj

ΣN
j=1(uij)wKN(xj, vi)

(2.26)

uij = (ΣK
n=1(

1−KN(xj, vi)

1−KN(xj, vn)
)1/w−1)−1 (2.27)

2.3.5 Suppress Fuzzy C-means

Suppress fuzzy c-means (S-FCM) (Fan et al., 2003) is another extension of

FCM, following the motivation for improving on its convergence speed (Cannon

et al., 1986). It is developed on the basis of the rival-checked fuzzy c-means

clustering algorithm (RCFCM) (Wei & Xie, 2000) that speeds up FCM with

competitive learning. RCFCM proposed a membership modification approach

to magnify the influence of the cluster with the largest membership degree to

the instance after updating membership matrix U as the following:

upj <= upj + (1− α)usj

usj <= αusj

(2.28)

where upj represent the largest membership degree with the primary cluster,

and usj means the second-largest membership degree.

Whilst providing the potential to improve the convergence speed, RCFCM

has its own shortcomings. Particularly, the RCFCM algorithm only pays at-

tention to the clusters with the largest and the second-largest membership

degree while ignoring the impact of other clusters. Moreover, if α is not se-

lected appropriately, it may lead the modified second biggest membership usj

smaller than the other unrevised ones. Thus, the original order which reflects

the natural relation between the instance and each cluster will be disturbed.
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S-FCM is a development of RCFCM which makes the inference process

more natural and more effective. The underlying mechanism of this approach

is to magnify the largest membership degree, upj and suppress the others.

In order to achieve such an objective, a membership modifying mechanism is

added after iteratively updating the membership degrees U , such that

upj <= 1− α
∑
i 6=p

uij = 1− α + αupj

uij <= αuij

(2.29)

where upj > uij, i 6= p, and 0 ≤ α ≤ 1.

The inference procedure of S-FCM is demonstrated in Alg. 7.

Algorithm 7: Suppress Fuzzy C-means

Input: Instances xj; Number of cluster K

Output: Instances with label; Cluster centres V ; Matrix of membership

degreeU

1. Initialize U (0) randomly.

2. Set max iteration number L, termination condition ε, and counter k,

k = 0, 1, ...L

3. Compute V (k) with U (k) with Eqn. 2.20.

4. Update U (k+1) by V (k) with Eqn. 2.21.

5. Modify obtained U (k+1) with Eqn. 2.29.

6. Compare U (k+1) and U (k). If ‖U (k+1) - U (k)‖ < ε or k = L, then stop;

otherwise, set U (k) = U (k+1) and return to step 3) .

7. Return: Labeled instances; V (k + 1); U(k + 1).
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2.4 Missing Value Imputation

In real-world data mining applications, missing values are a common problem

leading to a lack of data integrity and reduce the reliability of subsequent devel-

opments (Little & Rubin, 1986) (Pigott & Therese, 2001). Directly discarding

instances containing missing values may work well in the situation where only

a small number of missing values are included. Notwithstanding this, similar

issues remain in datasets that contain much more missing values (Yuan et al.,

2017) (Farhangfar et al., 2008). Missing value imputation has been introduced

to deal with such an issue, and aims to fill missing values with reasonable ones

learned from present data. Several approaches have been developed in the

literature and successfully applied in many real-world applications, including

microarray gene expression data (Cheng et al., 2012) and breast cancer data

(Jerez et al., 2010). This section briefly reviews three popular and readily

available methods.

2.4.1 Statistic Imputation

Examples of conventional missing value imputation approaches include statis-

tical methods, of which mean and median imputation are the two most widely

used. The underlying principle of both is to take the statistical value of the

present data in each incomplete attribute as an estimate of the missing value,

which can be respectively implemented from the mean and median values (Lit-

tle & Rubin, 1986). Whilst having low computation overheads, the obtained

results of statistical approaches also have low accuracy, due to the fact that

only values of the same attribute are involved.
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2.4.2 Linear Regression Imputation

In terms of classic machine learning algorithms, linear regression approaches

have been adopted to perform missing value imputation over continuously-

valued domains in the literature (Hyunsoo et al., 2005) (Rana et al., 2012). The

basic assumption for this method is that the values of an individual attribute

can be represented by a linear combination of the values of other attributes.

Following the above presumption, the linear model is derived from complete

instances (without missing values), taking the attribute with the missing value

as output and other attributes as inputs. The missing value is then predicted

by the linear approximation.

The preferred technique of creating a linear model for a dataset is through

minimizing the residual sum of squares (RSS) between the observed instances

(Freedman, 2009), which is defined by:

RSS = Σn
i=1(Yi − f(Xi)

2 (2.30)

where Yi denotes the groundtruth of i-th value of the variable, and fXi repre-

sents the corresponding predicted value.

2.4.3 Nonlinear Regression Imputation

In many real-world datasets, the relationship between each attribute may be

nonlinear, which makes it difficult to precisely estimate them using linear re-

gression approaches. TSK models have the potential to represent a nonlinear

model (and a linear model of course) with several different linear ones de-

scribed by ‘if-then’ rules. They have been successfully adopted to perform

missing value imputation in (Lai et al., 2019) and (Lai et al., 2020).
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This method works by clustering instances into different categories by

FCM, and then deriving the polynomial consequent of an emerging rule through

linear regression as described in (Freedman, 2009). As with linear regression

techniques, the attribute with the missing value is taken to be the output and

the other attributes as inputs. The calculation process for estimating missing

values is as same as the inference with the conventional TSK model, which can

be found in Alg. 1.

Whilst being generally powerful, this approach is not efficient enough for

many practical applications given its nature of fundamentally requiring the

input domain to be fully covered. As indicated previously, such a restriction is

hard to satisfy for most real-world datasets, especially for those with missing

values. In a situation where only sparse rule bases are available, TSK model-

based approaches are unable to produce any conclusions by applying any of

the classical rule-firing methods.
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Chapter 3

FRI with K-Neighbours for

Static TSK Models

Fuzzy rule-based inference systems are one successful representative of knowledge-

based systems, the basic idea of which is to represent domain knowledge in

the form of ‘if-then’ production rules while using fuzzy sets to describe im-

precise variable values that are hard to be described precisely in traditional

crisp rule-based systems. TSK models (Takagi & Sugeno, 1985) are one of

the conventional and most exploited FRBSs in the literature. Within such a

model, fuzzy sets are used as rule antecedents and polynomials as the con-

sequents, whose application directly results in crisp conclusions and thereby,

being particularly suitable for solving regression and prediction problems, over

continuously-valued domains.

Whilst being generally powerful, conventional rule-based systems all suffer

from an important limitation, be they fuzzy or not. That is, if the input domain

is not completely covered, a novel observation may not always match any rule

in the given rule base. In this case, they are unable to produce any conclusion

by applying any of the classical rule-firing mechanisms. This is independent

of what rule models are employed. To rectify, or at least to reduce the adverse
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impact of this limitation, fuzzy rule interpolation (FRI) has been introduced

(Li et al., 2021). If a newly presented input or observation does not match

any of the rules available, FRI can help by generating an intermediate rule

through the approximation of those rules close to the observation, from which

a potentially relevant conclusion may then be obtained.

While conducting investigations on FRI, it is observed that most exist-

ing approaches are developed for reasoning with Mamdani models, and those

designed for TSK models have inevitable limitations. This chapter presents

a novel approach for performing FRI with TSK models. The work presents

two advancements in developing FRI methodologies for TSK models, through

two novel implementations: (i) interpolation with K Closest Rules (KCR) for

sparse rule bases of a small size, and (ii) that with K Closest Rule Cluster-

s (CRC) for rule bases of a large size. The underlying principle for both is

to perform interpolation with K closest rules where K is normally a small

number.

Another key issue concerned in this chapter is the determination of the

rule weight. Generally, the weight of a certain rule is determined by an inte-

grating operation (usually implemented by a minimum operator) on resulting

individual similarity between individual antecedent variables of each rule and

their counterparts in the observation. Distance measurements (e.g., (Chen,

1996); (Sridevi & Nadarajan, 2009)) are the most commonly used approach-

es to evaluate the similarity degree between two fuzzy sets in the literature,

which usually produce acceptable results. A similarity measurement is recent-

ly proposed in (Li et al., 2018b) to extend its sensitivity to distance. The

most recent work of (Yang et al., 2021) presents a different approach which

establishes a mapping from the input domain to the output domain by Lo-

cally Linear Embedding (LLE) (Roweis & Saul, 2000). As such, the weight

of each selected rule can be directly calculated without computing individual
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similarity. The efficacy of these three approaches will also be experimentally

compared against each other in this chapter.

To have a fair comparison over different methods, a range of experimental

studies are systematically carried out over ten benchmark datasets. Statistic

analyses of the results demonstrate that KCR indeed improves the performance

over TSK+ and CRC for cases involving small-sized sparse rule bases and that

for cases involving large-sized sparse rule bases, CRC outperforms TSK+ and

KCR. Of course, both KCR and CRC offer superior results over the existing

approach TSK+.

The rest of this chapter is structured as follows. Section 3.1 and Section 3.2

detail the two aforementioned methods, respectively introduced for interpola-

tion with K closest rules (KCR) and that with K closest rule clusters (CRC).

Section 3.3 reviews three rule weight determination approaches involved in

interpolative reasoning.

3.1 Interpolation with K Closest Rules (KCR)

From the specification as well as the application of TSK+, it is easy to reveal

that those rules nearest to an unmatched observation generally have a much

higher similarity degree than others. This indicates that the interpolated out-

comes may be mainly determined by those closest rules, with the rest typically

contributing substantially less. Note that in the FRI literature, it is often as-

sumed that the interpolated conclusion is estimated by a certain aggregation

of those neighbouring rules to the observation (Li et al., 2021). That is, the

nearest rules are (normally correctly) considered to contain the most relevant

information whilst those rules far away from the observation are less relevant.

Indeed, distant rules may introduce adverse biases into the results, with their

use becoming counter-productive. As far-away rules generally have relatively
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smaller similarity measures against the observation, such biases do not neces-

sarily impose much influence upon the interpolated results, but they do induce

significant computational overheads if there are many rules in the rule base.

Thus, such biases or the use of remote rules should be minimised, for both the

efficiency and the effectiveness of the interpolative reasoning process.

To address the aforementioned issue, a significantly revised inference pro-

cedure, termed interpolation with K closest rules (KCR) is introduced in this

section. The underpinning idea is that only K nearest neighbouring rules to

a given unmatched input are exploited in performing the interpolation, rather

than involving all the rules in the sparse rule base. In so doing, the final con-

clusion may avoid the adverse impact caused by rules with low similarities in

a small size sparse rule base while reducing computation overheads.

3.1.1 KCR Procedure

Suppose that a TSK sparse fuzzy rule base is given, containing m rules with

n antecedent variables, each rule is then defined by

Ri : if x1 is Ai1, ..., xn is Ain, then fi(x1, ..., xn) = ai0 + ai1x1 + ...+ ainxn(3.1)

where Ai1, ..., Ain are the fuzzy sets taken by the rule antecedent variables,

and ai0, ai1, ..., ain are the parameters specifying the polynomials of the rule’s

consequent.

Given an observation O(B1, ..., Bn), the inference process of KCR can be

described as Alg. 8.
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Algorithm 8: Interpolation with K Closest Rules

Input: Rule base {Ri}; Unmatched observation O

Output: Interpolated conclusion f(B1, ..., Bn)

1. Calculate overall Euclidean distance between representative values of

individual variables within given observation and corresponding

antecedent variables for each rule.

2. Select K closest rules by Quickselect (Hoare, 1961) (which is utilised

purely for efficiency while any alternative selection mechanism may be

employed if preferred).

3. Calculate similarity between observation O.

and each of Ri that belongs to set of selected K closest rules:

S(Ai1, B1), ..., S(Ain, Bn)

4. Determine weight of rule Ri:

αi = S(Ai1, B1) ∧ ... ∧ S(Ain, Bn)

5. Integrate all K similarities to obtain working interpolated rule with

following consequent parameters:

a0 =
ΣK
i=1αiai0
ΣK
i=1αi

, ...., an =
ΣK
i=1αiain
ΣK
i=1αi

(3.2)

6. Take observation O as input to fire interpolated rule such that

consequent is obtained by computing:

f(B1, ..., Bn) = a0 + a1B1 + ...+ anBn

7. Return: f(B1, ..., Bn).
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3.1.2 KCR Complexity

From the above process, it can be seen that the Euclidean distance captures

the essential relationships between an observation and the rules. It is appropri-

ately utilised for the purpose of efficient determination of closest rules, without

resorting to the more complicated similarity measurement. Note that the sim-

ilarity measure is only applied K times for K selected rules rather than all the

rules given in the rule base. As such, the proposed approach can significantly

reduce the running time. Additionally, the Quickselect algorithm also helps

decrease the computation of closest rule selection.

Indeed, given m rules each involving n antecedent attribute, the time com-

plexity of the proposed KCR method is O(mK+nK), where O(mK) stands for

the time complexity of K rules selection. In comparison, TSK+ has a complex-

ity of O(mn) since all rules are fired for final conclusion generation. AutoRS

also has a complexity of O(mn) due to the rule selection is required for every s-

ingle feature. Note however that generally, K is much smaller than m or n. For

example, there is 1000 rules each involving 100 antecedent attributes and 10

rules are selected for interpolation, the time complexities of TSK+ and AutoRS

are 1000× 100 = 105, while that of KCR is 1000× 10 + 100× 10 = 1.1× 104.

3.2 Interpolation with K Closest Rule Clus-

ters (CRC)

When applying KCR to solve problems that involve a large-sized sparse rule

base, the K nearest rules with the greatest similarity degrees may appear to

be rather more similar amongst themselves than the rest, in this case, rules

are too close to each other. This may be expected intuitively, as illustrated

in Fig. 3.1. Rule antecedents and the observation are represented by their
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representative values (in terms of the center of gravity).

Thus, if only theseK rules are taken to implement interpolation, the results

will be also similar to the linear combination of their consequents regardless

of what similarity measures may be. Of course, this potential problem is not

unique to KCR, but it can arise in TSK+ as well, despite that all rules are

involved in rule interpolation there. This is simply because the similarities of

the selected K rules are much larger than those measured over the rest.

Figure 3.1: Example of rules selected with respect to unmatched observation
by KCR in large-sized sparse rule base.
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That is, the final interpolated result in TSK+ is also mainly determined by

those nearest ones.

The above analysis prompts the need to extend the diversity of rules select-

ed for use in the rule interpolation process, in an effort to avoid the involvement

of far too many similar rules. Driven by this consideration, a clustering-aided

interpolative reasoning process is presented here, termed interpolation with K

closest rule clusters (CRC) hereafter.

In CRC, to maximise computational efficiency, all fuzzy values appearing

in the rule antecedents are approximately represented using their representa-

tive values, which are firstly clustered into different groups, by the use of a

clustering method. Those in the same cluster can be intuitively regarded as

containing similar information about the mappings between the antecedents

and the consequents; after all, they have been deemed to belong to the same

cluster. Then, K clusters nearest to an unmatched observation are selected,

with K being a small number, where the distance between a cluster and an

observation is determined by the Euclidean measure between the cluster centre

and the observation, which is defined as:

d(O,C) =
√

Σn
i=1(Bi − ci)2 (3.3)

where O(B1, ..., Bn) stands for the observation, and C(c1, ..., cn) represents the

centre of rule cluster.

From each of these selected clusters, the rule that is the closest to the

observation is then selected as an element of a set of K nearest rules to be

used for interpolation. Thus, rules measured without necessarily having the

higher similarity measures are able to contribute to the creation of the final

interpolated consequent. Note that through such a rule selection process, the
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rule that is of the overall closest distance to the observation is always included

to participate in rule interpolation. This is obvious as it always is the repre-

sentative of a certain cluster of rules since it has the greatest similarity to the

observation amongst the entire rule base. In so doing, the proposed imple-

mentation resolves the problem of lacking diversity of rules being involved in

subsequent interpolation where a large-sized sparse rule base is present.

Fig. 3.2 presents an illustrative example of rule clusters and rules selected

from the closest clusters that are produced by the CRC algorithm. Similarly,

rule antecedents and the observation are represented by their representative

values.

Figure 3.2: Example of rules selected with respect to unmatched observation
by CRC in large-sized sparse rule base.
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Note that the top right cluster is not selected because it is further away

from the observation than the other three rule clusters. Besides, CRC only

requires several nearest clusters instead of all clusters for rule interpolation.

3.2.1 CRC Procedure

The above idea is organised to form the proposed approach as follows. Sup-

pose that a sparse rule base which contains m rules with n antecedents and an

observation O(B1, ..., Bn) (which does not match any of the rules) are given,

with each rule being specified as per Eqn. 3.1. The details of the proposed

procedure for CRC is detailed in Alg. 9. Note that any of the five different

clustering algorithms outlined in Section II-D (and indeed many other cluster-

ing methods if preferred) can be employed here to perform rule clustering, of

course.

3.2.2 CRC Complexity

The time complexity of the proposed CRC procedure is O(KC +KG+ nK),

where O(KC) stands for the complexity to conduct K clusters selection, and

O(KG) denotes that for K rules selection with one from each cluster, G being

the largest number of rules contained within any cluster, and n is the number

of antecedent attributes in the rules. Compared with KCR, of which time

complexity is O(mK + nK), CRC can also decrease the computation effort.

In addition, CRC does not need to compute the distances between the ob-

servation and all rules but only those of the cores of clusters and the rules

in the K selected clusters. For example, there is 1000 rules each involving

100 antecedent attributes, and 10 rules are selected for interpolation, suppose

100 rule clusters each including 10 rules are generated from the rule base, the

time complexity CRC is 100 × 10 + 10 × 10 + 100 = 2.1 × 103. Therefore,
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Algorithm 9: Interpolation with K Closest Rule Clusters

Input: Rule base {Ri}; Unmatched observation O

Output: Interpolated conclusion f(O)

1. Cluster all rules into C different groups using representative values of

involved attributes throughout.

2. Calculate Euclidean distance between observation and all cores of the

C clusters and select K (K ≤ C) closest clusters.

3. Take one Ci of K clusters, i ∈ {1, . . . , K}, and compute distance

between observation O and each and every rule in it.

4. Find closest rule Ri in Ci as its representative.

5. Determine weight of rule Ri:

αi = S(Ai1, B1) ∧ ... ∧ S(Ain, Bn)

6. Repeat Steps 3, 4 and 5 for all K selected clusters, obtaining K rules

and corresponding similarities.

7. Integrate all K similarities to obtain interpolated rule, resulting in

consequent parameters being:

a0 =
ΣK
i=1αiai0
ΣK
i=1αi

, ...., an =
ΣK
i=1αiain
ΣK
i=1αi

(3.4)

8. Fire interpolated rule with observation O and compute final consequent

outcome with respect to O:

f(B1, ..., Bn) = a0 + a1B1 + ...+ anBn

9. Return: f(B1, ..., Bn).
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O(KC + KG) is generally smaller than O(mK). In other words, the time

complexity is lower than that of KCR.

3.2.3 Integration of KCR and CRC

In order to establish a static TSK type fuzzy inference system applicable for

performing reasoning on rule bases under all different circumstances (whether

sparse or dense, small-sized or large-sized). Both KCR and CRC procedures

are integrated into a single algorithm, in conjunction with the conventional

inference mechanism for TSK models. This integration is straightforward,

deriving an overall novel approach, as shown in Fig. 3.3, which works by the

use of just a small number of closest rules to infer the final conclusion while

the conventional method is stuck when an observation matches no rules.

3.3 Determination of Rule Weight

The proposed algorithm computes the weights of selected rules via the em-

ployment of similarity measures. To offer a flexibility in practical applications,

as well as to provide an opportunity for comparative evaluation of the algo-

rithm, two distinct similarity measurement methods are introduced below. In

addition, inspired by the most recent work of (Yang et al., 2021), Locally lin-

ear embedding (LLE) (Roweis & Saul, 2000) can be regarded as an equivalent

mechanism of weight calculation, which will also be discussed herein. Any one

of these approaches may be employed to implement the intended task, but

these are collectively reviewed to facilitate comparison, in an effort to make

an informed choice of the potentially most suitable.
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Figure 3.3: TSK fuzzy inference enhanced with two rule interpolation proce-
dures.
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3.3.1 Similarity Based on Distance Measures (Similarity-

d)

Typically, the weight of each selected rule is produced by integrating the

similarities between the observation features and the corresponding rule an-

tecedents, both of which are represented by fuzzy sets. Similarity-d is one

of the most widely applied similarity measurement methods (Chen, 1996), it

calculates the similarity between two fuzzy sets directly based on the distance

metric between them.

For illustration, suppose that two normalised fuzzy sets are given, repre-

sented by triangular membership function A = (a1, a2, a3) and A′ = (a′1, a
′
2, a
′
3),

respectively. Then, the implementation can be defined as the follows:

S(A,A′) =
1

1 + d(A,A′)
(3.5)

where, d(A,A′) =
Σ3
i=1|ai−a′i|

3
.

Following the above specifications of these similarity measurement meth-

ods, it is clear that the larger the value of S(A,A′), the nearer and hence, the

more similar the two fuzzy sets A and A′. In particular, S(A,A′) reaches the

maximum value if and only if A and A′ are identical.

3.3.2 Similarity with Distance Factor (Similarity-DF)

Whilst providing acceptable results, the above two approaches may still not be

sufficiently flexible to support various fuzzy models, as the sensitivity of simi-

larity degree to distance is fixed. To improve the distance sensitivity of above

measurements, a centre of gravity method (COG) based similarity measure is

proposed in (Chen & Chen, 2003). That is:
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S(A,A′) = (1− Σ3
i=1|ai − a′i|

3
) · (1− |a∗A − a∗A′ |) (3.6)

where a∗A and a∗A′ is the COG of the fuzzy set A and A′ which can be calculated

by:

a∗A =
a1 + a2 + a3

3
, a∗A′ =

a′1 + a′2 + a′3
3

(3.7)

In the recent work of (Li et al., 2017), this approach is further extended

with a novel similarity measure introduced in (Shi-Jay et al., 2003). Particu-

larly, a distance factor (DF) is utilised to replace the COG function, which is

defined as the following:

S(A,A′) = (1− Σ3
i=1|ai − a′i|

3
) ·DF

DF = 1− 1

1 + e−sd+5

(3.8)

where d represents the Euclidean distance between the gravity centres (or

alternatively, representative values (Huang & Shen, 2008)) of the two fuzzy

sets, s is a sensitivity factor (a larger value of s makes DF more sensitive to the

distance measure), and β is a significantly large integer (which is empirically

set to 5) to ensure that DF is approximately normalised as 1 when d is 0. The

greater the value of S(A,A′) is, the closer and more similar the two fuzzy sets

A and A′ is.

Owing to their generality, both can be effective and applicable to capture

and reveal the similarities between fuzzy sets (as to be experimentally verified

later, while Similarity-DF generally performs better than Similarity-d).
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3.3.3 LLE-Based Determination

Locally linear embedding (LLE) (Roweis & Saul, 2000) was originally devel-

oped to tackle dimensionality reduction problems. It provides an efficient

nonlinear algorithm for mapping high-dimensional data to a low-dimensional

observed space, which extends its capability to perform different types of ma-

chine learning tasks (e.g., (Chang et al., 2004); (Rongrong et al., 2017)).

As per the most recent work of (Yang et al., 2021), LLE provides a mech-

anism similar to that of FRI. The space of rule antecedents can be regarded as

the high-dimensional space and the consequents domain as the low-dimensional

space. It has been successfully adopted to compute the similarities between

the selected rules and the observation, thus constructing an adaptive neuro-

fuzzy inference system (ANFIS) (Jang, 1993) through interpolation procedure.

The LLE-based rule weight determination applied in this thesis works on the

basis of the hypothesis which indicates that if an instance can be represented

by a linear combination of the antecedences of its nearest rules, the required

conclusion can be obtained by a linear combination of the corresponding rule

consequents. The parameters of the linear function are deemed to be the

weights of corresponding rules. The procedure of computing the weight of the

selected rule is summarised in Alg. 10. This summary is given for the com-

pleteness, but further details regarding this algorithm can be found in (Roweis

& Saul, 2000).
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Algorithm 10: LLE-Based Rule Weight Determination

Input: Selected closest rules {Ri}; Unmatched observation O

Output: Interpolated conclusion f(O)

1. Represent observation by a linear combination of antecedences of {Ri}:

Bj = ΣK
i=1wiAij

2. Compute Wi by minimizing error function:

E(Wji) = Σn
j=1(‖Bj − ΣK

i=1WiAij‖)2, s.t.ΣK
i=1Wi = 1 (3.9)

3. Construct intermediate rule regarding Wj and corresponding rule

consequences with following parameters for its consequent:

a0 = ΣK
i=1Wiai0, ...., an = ΣK

i=1Wiain (3.10)

4. Take observation O as input to interpolated rule and calculate final

consequent outcome: f(B1, ..., Bn) = a0 + a1B1 + ...+ anBn

5. Return: f(B1, ..., Bn).

60



Chapter 4

Experimental Investigation of

FRI for Static TSK Models

The performance of the above-introduced novel FRI approach for TSK models

is experimentally evaluated in this chapter, in comparison to the state-of-the-

art techniques, including the TSK+ and AutoRS (Chen et al., 2019), over

ten benchmark datasets. The robustness and effectiveness of the presented

approach are also demonstrated by observing the consistency and efficiency

of utilising different clustering methods in supporting CRC. In particular, for

reasoning accuracy apart from fairness in comparison, three aforementioned

rule weight determination approaches are systematically compared with each

other at first, and the overall winner will be employed to determine the weight

of selected rules in subsequent experiments.

The remainder of this chapter is structured as follows. Section 4.1 de-

scribes the setting of the experiments carried out. Section 4.2 presents and

discusses the experimental results, in comparison with state-of-the-art alter-

natives. Finally, Section 4.3 concludes the chapter and points out interesting

future research.
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4.1 Experimental Setup

This section presents the necessary setting for conduction experimental in-

vestigations, including the details of the ten applied benchmark datasets, the

criteria for evaluating performance, the generation of the sparse rule bases,

and the parameters for implementing KCR and CRC.

Moreover, to ensure the proposed approach does not rely on any specific

clustering algorithm, the proposed implementation for CRC is systematically

evaluated using five different clustering techniques (Kmeans, GMM, FCM, K-

FCM and S-FCM) to conduct rule clustering.

4.1.1 Datasets Used

The datasets run include one nonlinear artificial model and nine real-world

datasets (for regression problems) that have been taken from the UCI machine

learning (Dua & Graff, 2017), function approximation (Guvenir et al., 2000)

and evolutionary learning repositories (Alcalá-Fdez et al., 2011). The details

of these employed benchmark datasets are summarised in Table 4.1. Note that

the Polynomial dataset in the table is produced by randomly sampling from

the following 3-dimensional nonlinear function:

F (x, y) = sin
x

π
· siny

π
(4.1)

This nonlinear function has been used to produce a benchmark dataset in (Li

et al., 2018b) and (Rezaee & Zarandi, 2010), and the random sampling method

has been frequently employed in the literature (e.g., (Li et al., 2017); (Bellaaj

et al., 2013)).
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4.1.2 Performance Evaluation Criteria

To enable thorough evaluation and fair comparison, experimental results are

obtained by the average and variance of 10×10-fold cross-validation on all the

ten above introduced datasets. Training sets are used to generate sparse fuzzy

rule bases (see next) while testing sets assess the performance described by

RMSE (root-mean-square error, in relation to the ground truth). The smaller

the value of RMSE is, the higher accuracy the approach has. Note that the

training sets (the learned rule bases) and testing sets are exactly the same for

the experiments on all approaches.

4.1.3 Sparse Rule Base Generation

In this experimental study, sparse fuzzy rule bases are artificially created from

the dense fuzzy rule bases that are induced from the original datasets. This

allows a fair and firm ground upon which to investigate the experimental re-

sults. In particular, a sparse rule base is generated by randomly removing a

number of rules from the original dense rule base that has been learned by

employing a data-driven learning approach. To emphasise on the sparsity of

the knowledge available, in order to compare against conventional approximate

reasoning and state-of-the-art FRI mechanisms (both running on TSK mod-

els), only 80% rules are retained to form the sparse fuzzy rule base for each

problem case.

The following simple data-driven fuzzy rule learning procedure is employed

to generate the original dense rule base: instances in a given training dataset

are clustered into different categorises using fuzzy c-means (Bezdek et al.,

1984). Since fuzzy c-means allows an instance to belong to more than one

cluster with different membership values, the worst rule-learning assumption

is made here, with the least biased threshold of 0.5 membership value used to
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determine whether an attribute is taking on a certain fuzzy set as its value.

The polynomial consequent of an emerging rule is learned through the popular

linear regression approach as described in (Freedman, 2009).

For computational simplicity as well as for fair comparison, only triangular

membership functions are used throughout to represent the fuzzy values of

the antecedent attributes in the rules (and also for the observations) unless

otherwise stated. The three parameters of a triangular membership function

are implemented by the infimum, centre and supremum of the corresponding

cluster. Of course, if fine-tuned membership functions are available and used,

the performance of all interpolation approaches can be expected to have further

improvement. The number of rules in the created sparse fuzzy rule base for

each dataset is also listed in Table 4.1. Note that for easing illustration the

threshold for determining large-sized sparse rule bases is set to be 95, in order

to help evaluate the performance of KCR and CRC in relation to the sizes of

the sparse rule bases concerned.

For easy illustration, consider the sparse rule base generated from the

polynomial dataset. The following are two random examples of the learned

rules:

• If x1 is A1 = (0.092, 0.159, 0.227) and x2 is A2 = (0.727, 0.767, 0.808),

then fi(x1, ..., xn) = −1.759x1 + 0.468x2 + 0.029

• If x1 is A1 = (0.437, 0.455, 0.472) and x2 is A2 = (0.388, 0.413, 0.438),

then fi(x1, ..., xn) = −1.214x1 − 0.764x2 + 1.441

Running the TSK model consisting of the 200 such rules (of the sparse

rule base) without FRI is illustrated in Fig. 4.1 and Fig. 4.2. As can be seen,

there are substantial amounts of space that are not covered by the learned

rules, indicating that plenty of observations have matched no rule, resulting in

missing values in the output domain.
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Running the TSK model consisting of 200 such rules (of the sparse rule

base) without FRI is illustrated in Fig. 4.1 and Fig. 4.2, reflecting the inference

results drawn from a different inspection angle. In particular, Fig. 4.1 gives

a sideview of running on the entire sparse rule base, and Fig. 4.2 shows a

bird’s-eye view. As can be seen, there are substantial amounts of space that

are not covered by the learned rules, indicating that plenty of observations

have matched no rule, resulting in missing values in the output domain. These

two sub-figures collectively demonstrate the poor outcome of just exploiting

the incomplete knowledge in the given problem domain, without the support

of FRI.

Figure 4.1: Inference results running TSK model on sparse rule base without
FRI on Polynomial dataset: sideview.
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Figure 4.2: Inference results running TSK model on sparse rule base without
FRI on Polynomial dataset: bird’s-eye view.

4.1.4 Algorithmic Parameters

For completeness, the parameters used to implement KCR and CRC for the

experiments on different datasets are listed in Table 4.2. Note that the number

K of selected rules for both KCR and CRC is determined by a trial and error

process. Particularly, the processes of determining the K for KCR and CRC

are exemplified on the polynomial dataset, as shown in Fig. 4.3 and Fig.

4.4, respectively. For CRC, the Elbow method is employed to determine the

number of clusters required.
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Figure 4.3: Model RMSE vs. number of rules K on KCR.

Figure 4.4: Model RMSE vs. number of rules K on CRC.
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4.2 Results and Discussion

The results of systematic comparative experimental investigations over ten

benchmark datasets are illustrated and analysed in this section. The perfor-

mance of the proposed FRI approach is discussed with respect to the following

four aspects, respectively: the outcomes of the three rule weight determination

methods; the results on the small-sized datasets; the results on the large-sized

datasets; and the analysis of several interesting observations.

4.2.1 On Use of Different Rule Weight Determination

Methods

Table 4.3 presents the means and standard deviations of the interpolation

results produced by KCR and CRC (with FCM as representative), with each

supported by the use of either of the two similarity measurement methods and

the LLE-based determination method introduced previously.

As can be seen, the FRI methods employing Similarity-DF can produce

better results on all bar one dataset than those using Similarity-d, and on all

datasets than those with LLE-based method. The effectiveness of utilising

Similarity-DF is more obvious on more complex datasets. Note that KCR

with Similarity-d leads to the best inference outcome on the dataset Dee. One

possible reason for this is that selected rule have similar weights concerning

the conclusion whilst their distances to the observation are different. Having

taken notice of these results, in the following presentation of the experimental

investigations, only Similarity-DF is used.
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4.2.2 On Small-sized Rule Bases

Table 4.4 shows the means and standard deviations of interpolation results,

which are averaged outcomes over 10×10-fold cross-validation, for each of the

eight compared approaches on the datasets that involve the number of rules

being less than or equal to 90.

Obviously, in this table, the notion of ‘CRC with C’, with C being K-

means, GMM, FCM, K-FCM and S-FCM standing for the CRC algorithm

implemented with the corresponding clustering method to create the rule clus-

ters, respectively. The comparison with the conventional TSK models is not

included herein, due to TSK models alone can not derive any conclusion when

an observation does not match any of the rules in the rule base. Naturally,

all rule interpolation methods significantly outperform the direct utilisation of

the TSK models involving a sparse rule base across all problems.

As can be seen from Table 4.4, regarding those models comprising a sparse

rule base of a small size, on average, the overall best results are obtained by

KCR. AutoRS also produces similar results, one possible reason is that the

rule selected by AutoRS and KCR for interpolation are similar in small-sized

rule bases. Note that as introduced previously, the time complexity of AutoRS

is much higher than KCR. TSK+ has slightly lower accuracies, which is due

to the fact that all rules are involved, bringing forward adverse biases. It

can also be observed that TSK+ takes a longer computation time to obtain

the reasoning outcomes. This empirically verifies the fact that the proposed

approach enjoys a significantly lower time complexity than TSK+, successfully

reducing computation overheads.
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Independent of which of the five clustering methods is used, the CRC al-

gorithm does not work well on small-sized sparse fuzzy rule bases. This can be

expected as those potentially highly relevant rules are most likely to have been

clustered into one single cluster whilst the other clusters of rules offer little

useful information to the conclusion. Thus, all rules bar one contribute mis-

leading information to the calculation of the final results, leading to inaccurate

interpolated outcomes.

4.2.3 On Large-sized Rule Bases

Table 4.5 presents the means and standard deviations of interpolation results

returned by each of the eight compared approaches, regarding the seven TSK

models that involve sparse rule bases of a large size. All algorithms are ranked

according to their means and standard deviations of the results on each dataset,

while those of the same results are deemed to have the same rank. The lower

the ranking value the higher the model accuracy. In summary, the bottom row

of this table provides the total rank values calculated by the sum of individual

ranks across all seven benchmark datasets.

Clearly, CRC outperforms the rest consistently for such more complex

datasets, with CRC implemented with FCM and CRC with K-FCM, for rule

clustering, performing the best. Examining the experimental results more

closely, CRC supported by K-FCM has highly impressive results on the Quake,

Delta ail and Delta elv datasets, significantly improving the accuracy of fuzzy

interpolative reasoning. Interestingly, this indicates that the kernel function

(Eqn. 2.22) applied in K-FCM has the ability to make the clustering results

more suitable for the distribution of the corresponding sparse rule bases.
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As reflected by these experimental outcomes, the utilisation of any of the

five clustering algorithms enables CRC to outperform the other algorithms

that do not involve clustering on the sparse rule bases, when these rule bases

are of significant size. This demonstrates the significance of clustering-aided

fuzzy rule interpolation.

Indeed, these results positively reflect the intuition that similar-rule crowds

do have a negative impact on the accuracy of the final interpolated conclusions.

With the support of clustering, CRC successfully avoids involving otherwise

far too many similar rules and extends the diversity of rules used for subse-

quent interpolation. In addition, the results also confirm that although all

(the sparse) rules are involved in deriving the final outcome, TSK+ does not

cope with the problem well. Importantly, the narrow-banded standard devia-

tion values given in Table 4.5 further demonstrate that the performance of the

proposed approach is robust.

4.2.4 Further Examination on Performance

In general, CRC performs very well for a large-sized sparse rule base, as demon-

strated above. However, to systematically exploit the proposed approach as

per Fig. 3.3, a mechanism is required to determine the threshold at which to

decide on whether KCR or CRC is to be used (although in the event when

it is unrealistic to identify such a threshold, both methods may be applied

to provide suggestions that are still useful for interpolative decision-making).

According to Table 4.1, on the stock and laser datasets, the sparse rule bases

include 90 or 100 rules. Consider Tables 4.4 and 4.5, by comparing against the

outcomes achieved on the other datasets, algorithms with and without cluster-

ing have more similar results on these two datasets. Therefore, borrowing the

underlying idea of the Elbow method, the threshold of large-sized sparse rule

bases can be determined as at least including 95 rules (the average number
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between 90 and 100).

Apart from the issue of determining the threshold, there are occasional

situations where the generality of CRC outperforming KCR for large datasets

does not necessarily hold. This is evident by considering the cases where

CRC supported by K-FCM or S-FCM is utilised to carry out interpolative

reasoning with the sparse rule bases which are induced from the polynomial

dataset. Fig. 4.5 depicts the distribution of the results in a box-plot, across

all approaches investigated. As revealed by this figure, CRC with K-FCM or

S-FCM is significantly underperformed than its peers, in comparison to CRC

with K-means, GMM or the original version of FCM.

To analyse the causes of such performance deviation, the rules selected for

a given observation on the polynomial dataset are outlined in Table 4.6, rep-

resented by their index. To analyse the causes of such occasional performance

deviation, the rules selected for a given observation on the polynomial dataset

are outlined in Table 4.6, represented by their index.

Table 4.6: Index of selected rules (for one observation) on Polynomial dataset

Approaches Index of selected rules

TSK+ All rules in sparse rule base

AutoRS [36, 39, 41, 45, 21]

KCR [36, 39, 41]

CRC with Kmeans [36, 22, 59]

CRC with GMM [36, 21, 57]

CRC with FCM [36, 21, 57]

CRC with K-FCM [36, 41, 21]

CRC with S-FCM [36, 45, 56]
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It can be seen that rule 36 is the nearest rule to the particular observation

and is always selected by all rule selection methods. Rules selected by K-FCM

and S-FCM are clearly distinct from the ones that lead to satisfactory results.

The likely reason for this is that these two clustering algorithms fail to derive

appropriate rule clusters, adversely affecting the subsequent rule selection.

Another interesting observation is that what KCR selected is the top three

rules also selected by AutoRS. However, with another two rules being selected

further to those three AutoRS performs relatively worse than KCR.

Note that rule 21 is selected by AutoRS, which is also taken by the top

performers like CRC with GMM or FCM (both of which happen to utilise the

same selected rules). However, AutoRS underperforms in comparison to the

two CRC implementations. This is probably due to the fact that those three

(rules 36, 21 and 57) jointly offer the best information for producing accurate

outcomes. Although rule 21 is also taken by AutoRS, it is being treated as one

of the lowest weights (as it is taken the last amongst the five rules selected).

Thus, its potential contribution is delimited, whilst adding more computation

costs to reach the (less well) interpolated result. This reinforces the significance

of the proposed approach.

To qualitatively visualise the strengths of the proposed approach, Fig. 4.6

and Fig. 4.7 illustrates the best inference results produced by the method

without clustering (KCR) and that with clustering (CRC with FCM) over the

polynomial dataset, respectively. Together with Fig. 5, it can be seen that

the proposed approach enables appropriate conclusions to be generated for

data instances unmatched by the sparse rules. Additionally, for this particular

dataset, CRC with FCM can produce smoother results than KCR.
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Figure 4.6: Inference results of TSK supported by KCR on polynomial dataset.

Figure 4.7: Inference results of TSK supported by CRC (with FCM) on poly-
nomial dataset.
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4.3 Summary

These two chapters have presented a novel approach with two implementations

suitable for performing fuzzy rule interpolation (FRI) with TSK models. The

work has been motivated by the observation that existing FRI approaches are

almost completely devised for reasoning with Mamdani models, whilst those

developed for TSK models are inefficient. It makes two major contributions

to the literature: (i) For models involving small-sized sparse rule bases, the

innovative KCR algorithm only requires the use of a small number of closest

rules to derive accurate interpolation. (ii) For models with a large-sized sparse

fuzzy rule base, the novel CRC algorithm first employs a clustering method to

categorise the rules into groups and then, utilise one closest rule from each of

a small number of the resulting rule clusters to perform the interpolation. Sys-

tematic comparative experimental studies over a range of benchmark datasets

have demonstrated the efficacy of both implementations.

The proposed work offers many opportunities for further development. For

example, the required algorithmic parameters, such as the number of closest

rules and that of the nearest clusters, are currently empirically set manually;

creating an automated method to determine these parameters from the training

data requires significant further research. Also, AutoRS offers a means for

automated selection of the number of closest rules for interpolation, how it

may be integrated with the proposed approach to minimise human intervention

is worth investigating. Furthermore, in real-world systems, the inputs are

usually time-dependent, the requirements of fuzzy systems may change over

time. Therefore, designing a novel system that can dynamically maintains the

rule base is required.
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Chapter 5

Monitoring System for Water

Treatment Plant Supported by

FRI

The water treatment plant dataset (Dua & Graff, 2017) comes from a real life

monitoring system of an urban water treatment plant. It is collected by daily

sensor measurements and utilised to establish a classification reasoning system

to monitor the status of the plant without the benefit of an expert in the field.

The dataset has been chosen for its prominence in the literature as a sample

dataset to be used when tackling this type of problem, including that reported

in (Shen & Jensen, 2004) and (Shen & Chouchoulas, 2002).

However, nearly all of the attributes in this dataset contain missing values,

as they are usually resulting from human faults during storage, or other events

hindering measurement (F et al., 2013). This may lead to reduced reliability

of the resulting classification systems. This problem remained unsolved in

previously developed approaches.

As introduced in Chapter 2, several missing value imputation mechanism-

s have been presented in recent decades, with TSK model-based imputation
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being the most recently. However, this method may collapse if the resulting

rule base is sparse (or incomplete), which is a common issue in real-world

applications, especially for those involving missing values, such as the water

treatment plant. Following the motivation for extending the applicability of

the TSK model-based imputation and improving the accuracy of the subse-

quent classification, this chapter presents a novel fuzzy rule-based interpolative

reasoning system for missing value imputation on the water treatment plant

dataset.

The rest of this chapter is structured as follows. Section 5.1 introduces

the water treatment plant and the feature selection approach to eliminate ir-

relevant attributes. Section 5.2 details the proposed missing value imputation

approach, including the generation of the TSK system and the inference pro-

cess of the missing value. Section 5.3 presents and discusses the experimental

results, in comparison with a range of alternatives methods. Finally, Section

5.4 concludes the chapter and points out interesting future research.

5.1 Water Treatment Plant Dataset

The water treatment plant dataset collected historical data over 521 days, with

38 different input attributes measured per day. All measurements are contin-

uous values. The group of measurements in the same day forms one instance.

Fig. 5.1 demonstrates the following five aspects of the plant’s operation re-

flected by 38 conditional features:
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1. Input to plant (9 features)

2. Input to primary settler (6 features)

3. Input to secondary settler (7 features)

4. Output from plant (7 features)

5. Overall plant performance (9 features)

Each instance is classified into one of thirteen categories according to the

plant operation status of the day, including four types of normal states and

nine distinct faulty states. As all data are taken from the actual plant, all

faults are immediately resolved. Therefore, most faulty states contain only a

few instances (usually only one). This is a clear obstacle to the construction

of an effective monitoring system (Shen & Jensen, 2004). To rectify, or at

least to reduce the adverse impact of this limitation, the thirteen statuses

are collapsed into just two or three categories (Normal and Faulty, or Normal,

Good and Faulty, respectively) to increase the number of faulty examples. The

thirteen states of the water treatment plant and their corresponding categories

are demonstrated in Table 5.1.

In summary, the resulting binary monitoring system consists of 507 samples

for acceptable performance and 14 samples for malfunctions. The resulting

ternary monitoring system is composed of 114 instances of ‘Good’ status, 393

instances of ‘Normal’ status and 14 instances of ‘Faulty’ status.
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Table 5.1: States of water treatment plant and corresponding categories in
binary and ternary models.

Statu Instances Status Description Ternary Binary

1 275 Normal situation

9 65 Normal situation, low influent Normal Normal

11 53 Normal situation

5 114 Good situation Good

2 1 Secondary settler, type-1

3 1 Secondary settler, type-2

4 4 Secondary settler, type-3

6 3 Solids overload, type-1 Faulty Faulty

7 1 Secondary settler type-4

8 1 Storm, type-1

10 1 Storm, type-2

12 1 Storm, type-3

13 1 Solids overload, type-2

5.1.1 Feature Selection

A large plant like the water treatment plant tends to collect a vast array of

conditional features, many of which are of high similarity. However, in general,

not all of these features are significant in determining the operational status of

the plant. Therefore, a dimensionality reduction approach is usually required

to remove redundant, or even possibly irrelevant attributes and simplify the

design and implementation of the actual monitoring (classification) system.

In a realistic system, these input features are obtained through a series of

sensors, which also have a monetary cost, thus it is typically desirable to lower

the input quantity.

The fuzzy–rough set based feature selection (FRFS) approach (Jensen &
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Shen, 2004) (Jensen & Shen, 2009) is applied in this chapter to discover the

dependence between subsets of features and to choose the most informative

features. This approach defines a feature subset dependency function with

the fuzzy positive region on the basis of fuzzy–rough sets, which is defined as

follows:

γP (Q) =
|µPOSP (Q)(x)|

|U |
=

Σx∈UµPOSP (Q)(x)

|U |

µPOSP (Q)(x) = sup
x∈U/Q

µPX(x)

µPX(x) = sup
F∈U/P

min(µF (x), inf
y∈U
{µF (y)→ µX(y)})

(5.1)

where U stands for all objects, γP (Q) represents the dependence, µPOSP (Q)(x)

denotes the membership of the object x belonging to the fuzzy positive region,

and µP (X(x) means the fuzzy lower approximation. This summary is given for

the completeness, but further details regarding this algorithm can be found in

(Shen & Jensen, 2004).

This function is employed to evaluate the relative importance degree of a

certain subset of features to categories. This approach can also be utilised to

calculate the degree of each individual feature by setting a single attribute in

each feature subset.

Table 5.2 demonstrates the resulting selected features for the binary and

ternary monitoring systems.

5.1.2 Generation of Fuzzy Classification Rule

An effective fuzzy rule induction algorithm (RIA), as proposed in (Au & Chan,

2002), has been successfully applied in the construction of the classification

monitoring system for the water treatment plant dataset and used to obtain
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Table 5.2: Selected rules for binary and ternary monitoring problems.

Class Selected Features Amount

2-Class {0, 2, 6, 10, 12, 15, 22, 24, 26, 37} 10

3-Class {2, 3, 6, 10, 12, 15, 17, 22, 27, 29, 37} 11

impressive results in the literature (Shen & Chouchoulas, 2002) and (Shen &

Jensen, 2004).

The rule induction procedure divides each input feature into a range of

corresponding linguistic terms and the output feature into several linguistic

class labels. The instances are then categorised into subsets based on their

labels with the highest value. The fuzzy subsethood (Kosko, 1986) (Yuan &

Shaw, 1995) is utilised to represent the relationships between the decisions of

the subset and the term of each feature in each subset, which is defined by:

S(L,Ai) =
M(L ∩ Ai)
M(L)

=
Σu∈Umin(µL(u), µAi(u))

Σu∈UµL(u)
(5.2)

where µL(u) denotes the membership degree of the object u belonging to the

class L, and µA(u) represents the overlap degree of the object u to the i-th

term of feature A.

An empirically predefined threshold is applied herein to determine the

terms for the final classification system. Following the above definition, the

term with the highest subsethood value is selected. Note that the threshold

must ensure that at most one term is selected from each feature.

The efficiency of RIA and FRFS has been empirically verified as superior

to many existing possible alternatives for the water treatment plant dataset in

(Shen & Chouchoulas, 2002) and (Shen & Jensen, 2004).
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5.2 Missing Value Imputation with TSK Mod-

els Supported by FRI

It is observed that the water treatment plant dataset contains many missing

values in a number of instances, which also appear in the reduced 2-class and

3-class datasets (118 and 112 instances containing missing values respective-

ly). This is a common problem with real-world datasets that can arise from

equipment failure, the limitation of data collection and other reasons, all of

which decrease the reliability and efficiency of the classification system.

To rectify the adverse impact of missing values, and to address the lim-

itations of existing methodologies, this chapter presents a novel missing val-

ue imputation approach with TSK models supported by FRI. The underlying

principle is that features for classification problems are not independent. Thus,

each feature can be calculated by a linear or nonlinear combination of other

features. Fortunately, TSK models have the potential to represent such a

model with a range of linear functions.

5.2.1 Fuzzy Rule Base for Missing Value Imputation

For each feature with missing values, a distinct fuzzy rule base of TSK models

is established by employing a data-driven learning approach to the instances

without missing values. Feature selection also helps to significantly reduce the

complexity of this procedure.

The data-driven fuzzy rule learning procedure regards attributes with the

missing values as outputs and others as inputs. It works by clustering instances

into different categories through fuzzy c-means (Bezdek et al., 1984) according

to their input features. The rule antecedents are implemented by fuzzy sets

representing input features within the same cluster. The corresponding rule
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consequent, which is a polynomial, is derived from the output feature in the

category through linear regression (Freedman, 2009).

Borrowing the underlying idea of the Elbow method, the number of rules

in the fuzzy rule base can be determined as ten rules. For easy illustration,

taking feature 37 as the output, the following are two random examples of the

learned normalised rules in 2-class and 3-class models, respectively:

• If x0 is (0.19, 0.59, 1), x2 is (0.31, 0.65, 0.99), x6 is (0.39, 0.69, 1), x10

is (0.29, 0.59, 0.88), x12 is (0.10, 0.55, 1), x15 is (0.28, 0.59, 0.90), x22 is

(0.11, 0.23, 0.34), x24 is (0, 0.21 0.42), and x26 is (0.37, 0.64, 0.92),

then fX = 0.0081x0 + 0.0270x2 − 0.0013x6 − 0.0312x10 − 0.0025x12 −

0.0431x15 − 0.0905x22 − 1.4768x24 − 0.0155x26 + 1.0579

• If x2 is (0.25, 0.53, 0.81), x3 is (0, 0.33, 0.67), x6 is (0, 0.40, 0.81), x10

is (0, 0.26, 0.52), x12 is (0.076, 0.44, 0.81), x15 is (0, 0.45, 0.90), x17 is

(0, 0.30, 0.61), x22 is (0, 0.19, 0.38), and x27 is(0, 0.28, 0.57) x29 is(0.06,

0.53, 1),

then fX = 0.0037x2 + 0.0114x3 + 0.0008x6 + 0.0003x10 − 0.0131x12 +

0x15 + 0.0121x17 − 0.0039x22 − 1.5886x27 + 0.0004x29 + 0.9982

5.2.2 FRI Approach for Missing Value Imputation

In a situation where only sparse rule bases are presented, which is a com-

mon issue in real-world applications, it is possible that a novel instance does

not match any rule in the given rule base, thereby no conclusion can be pro-

duced using traditional rule-firing mechanisms. This is independent of what

rule models are employed (be they fuzzy or not). This issue is more serious

for datasets containing missing values as only limited complete instances are

available to train the model. In the water treatment plant status classification
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problem, 58 out of 118 instances match no rule in the binary models, and 60

out of 112 instances match no rule in the ternary models.

Inspired by the approach introduced in Chapter 4, this section presents an

FRI approach to carry out missing value imputation for unmatched observa-

tions. According to the previously stated results, a rule base containing ten

rules is considered small-sized. Therefore, the KCR procedure is applied to

approximate missing values in the water treatment plant dataset.

The presented method works by first calculating the Euclidean distance

between individual antecedent variables of each rule Ri and their counterparts

in the observation, implemented via the COG of the corresponding fuzzy sets.

K closest rules are then selected based on their distance to the observation.

The weight of each selected rule in the observation is calculated by employing

the similarity measure specified as per Eqn. 5.3. The individual conclusions

of the K selected rules are produced by taking the observation as the input

to the consequent polynomial of selected rules. Finally, the conclusion with

respect to the unmatched observation can be derived through the integration

of the obtained sub-conclusions, which is implemented by the weighted average

in this chapter. A more detailed description can be found in Alg. 8.

Fig. 5.2 shows the proposed water treatment plant monitoring system,

including training and application procedure. This system is derived from

the integration of all the above-introduced approaches. The proposed missing

value imputation approach makes three major contributions to the system:

(i) filling the incomplete dataset with estimated values; (ii) improving the

accuracy of the resulting classification system; (iii) generating a reasonable

classification conclusion for a novel observation containing missing values in

practice.
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5.3 Experimental Evaluation

The performance of the proposed novel missing value imputation approach

is experimentally evaluated in this section, in comparison with several con-

ventional techniques, such as mean, median imputation and linear regression

imputation. In particular, to provide flexibility in implementing the proposed

approach, ensuring that it does not rely on any specific FRI algorithm, the

AutoRS based imputation is also systematically evaluated. To demonstrate

the potential of the proposed method, the following experimental investiga-

tions focus on two major aspects: the accuracy of the predicted results and

the improvement on the classification system.

5.3.1 On Missing Value Imputation

This section describes the setting of the experiments carried out in terms of the

accuracy of the predicted conclusions, and discusses the corresponding results

of comparative experimental evaluations.

For each feature with missing values, a specific TSK model that takes

this feature as the output is derived from complete instances (without missing

value) by employing a data-driven learning approach. Missing values in the

corresponding feature are then approximated using the resulting model.

5.3.1.1 Performance Evaluation Criteria

To investigate the predicted result and enable fair comparison, the experi-

mental results are represented by the average and variance of 10 × 5-fold

cross-validation on complete datasets. There are 389 instances for binary sys-

tems and 395 instances for ternary systems. Training sets are used to generate

the rule base of TSK models, and testing sets are employed to evaluate the
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performance based on the accuracy of the imputation in terms of the root-

mean-square error (RMSE, in relation to the ground truth). The smaller the

RMSE value, the more accurate the approach.

5.3.1.2 Results and Discussion

Table 5.3 and 5.4 show the means and standard deviations of the predicted

results obtained by 2-class and 3-class models, respectively. The notions in

the column of ‘Output Feature’ represent the specific missing value imputation

methodologies constructed for the corresponding feature, whilst ’AutoRS’ and

’KCR’ stand for the approach with TSK models supported by corresponding

FRI approaches. Note that the comparison with the TSK model-based method

is not included herein. This is because TSK models alone can not draw any

conclusions for an observation which does not match any of the rules in the

rule base, as indicated previously.

As reflected by these experimental outcomes, the TSK systems supported

by FRI approaches obtain the overall best results on average, which reveals the

efficiency of the proposed approach. It is noticed that the results produced by

the approaches with AuoRS and KCR are highly similar. One possible reason

is that in such small-sized rule bases with only ten rules, the rules these two

FRI methods select for interpolation are similar, leading to similar results.

It can be expected that there will be a greater difference between them in

large-sized rule bases. In addition, the regression imputation performs better

when compares with the rest methods. This empirically verifies the fact that

features for classification problems are not independent. One feature may be

represented by a linear or nonlinear combination of other features.
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Examining the experimental results more closely, in the experiments on

feature 12, the estimated value produced by the regression method and the

proposed approach have results that are more similar in both the binary and

ternary systems, than the results of the experiments on the other features.

This may indicate that the relationship between feature 12 and other features

will more likely fit a linear function. It also demonstrates that TSK models

have the potential to simulate both linear and nonlinear models with a range

of linear functions.

5.3.2 On Improvement of Classification System

To emphasise on the potential for strengthening the classification system, the

proposed missing value imputation approach and other alternative methods

are used to estimate all missing values in the dataset. Afterwards, a unique

classification system can be derived for each corresponding resulting complete

dataset. This section describes the setting of the experiments carried out and

discusses the results of comparative experimental evaluations. For complete-

ness, comparison with the delete method (which directly discards instances

containing missing values) is also included.

5.3.2.1 Performance Evaluation Criteria

To demonstrate the improvement of the classification system, the missing val-

ues contained in instances are first estimated using a range of imputation

approaches. The corresponding classification systems are then learned from

the resulting complete datasets. To verify its generality over different classifi-

cation methods, fuzzy rule classification and support vector machines (SVM)

(Saunders et al., 2002) will be applied to derive classification systems from

obtained datasets. The performance of the systems with respect to each im-

putation approach is evaluated according to their F1-score on the training and
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testing sets (in relation to the actual class label), which are represented by the

average obtained from 10 × 5-fold cross-validation. A larger F1-score denotes

that the corresponding method can obtain higher reasonable results.

5.3.2.2 Results and Discussion

The means and standard deviations of the macro-F1 score of the classification

results returned by each of the five compared approaches, regarding binary

and ternary models, are illustrated in Table 5.5 and 5.6, respectively. The

macro-F1 score applied herein is defined by:

F1 =
Σn
i=0F1i
n

F1i = 2× Percisioni ×Recalli
Percisioni +Recalli

(5.3)

where n represents the number of classes.

In these two tables, the notions in the column of ‘Approaches’ represents

different missing value approximation methodologies used to obtain the com-

plete dataset for deriving the subsequent classification system, whilst ’Delete’

stands for the method that directly discards the instances containing missing

values.

The results make it clear that for both SVM and fuzzy classification sys-

tems, the systems generated from the datasets whose missing values are esti-

mated by the FRI0supported TSK model outperform those from other method-

s. This shows the potential of TSK-based missing value imputation approaches

to improve the accuracy of the classification system, and demonstrates its gen-

eral applicability to different classification systems.

Interestingly, it is also observed that, in certain situations, classification

systems learned from datasets with missing values filled with mean and median
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imputation may produce worse results than those using the delete method.

This is probably due to the fact that in both methods, only values in the

same attribute are involved in the missing value approximation, which may

import undesirable bias into the results. Meanwhile, this also demonstrates

the significance of considering the relationship between features in missing

value imputation.

5.4 Summary

This chapter introduces a status monitoring system for the water treatment

plant. The missing values contained in the dataset are estimated by TSK

models with the support of a novel FRI approach. The systematic experimental

studies have demonstrated that the proposed approach not only outperforms

other methods in producing more accurate results, but also has the potential

to help to improve the accuracy of the resulting classification system.

There are many opportunities for the future development of the method

contained herein. This chapter considers only one missing value within each

instance. However, in most real-world datasets, an instance may contain two

or more missing values. In the case where two missing values exist in an

instance is present, one possible approach is to estimate one value with the

mean or median method, predict the other using the proposed approach, and

then re-evaluate the first value using the predicted result. Thus, these two

values can be iteratively updated until convex. Furthermore, the current work

only involves the rule base of a small size (containing ten rules). How the

other implementation of aforementioned novel FRI approach (CRC) may be

adopted to perform missing value imputation for large-sized datasets can be

further investigated.

101



Chapter 6

Dynamic TSK Systems

Supported by Fuzzy Rule

Interpolation

While performing fuzzy systems in real-world applications, the inputs are usu-

ally time-dependent and the requirements of fuzzy systems may change over

time. If the frequently appearing unmatched observations are of high similari-

ty, the use of a static rule base will repeat the similar FRI process and further

affect the efficacy of fuzzy inference systems.

Therefore, dynamically maintaining the rule base is necessary to improve

the efficacy of the system concerned through enhanced coverage of the rule

base. Fortunately, FRI has the potential to provide additional information

which is required to design a dynamic TSK system. This is due to most existing

FRI approaches tend to produce a large amount of interpolated rules over time,

which are generally discarded once the results are derived. Note that the goal

of FRI is to compute an interpolated consequent that corresponds to the input

observation rather than to produce an intermediate rule through interpolative

reasoning. Such interpolated rules may contain potentially useful information,
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such as that reflecting the input-output relationships which were not covered

by the original sparse rule base. Exploiting these interpolated rules may help

update the original sparse rule base, thereby constructing a dynamic system.

This chapter presents a dynamic TSK system in extending the underlying

ideas of the previous proposed FRI method for static TSK models and D-FRI.

Particularly, for unmatched observations in a sparse rule base of a small size,

the corresponding conclusions are produced by the interpolation with a small

number of closest rules while the interpolated rules are directly integrated into

the original sparse rule base. When the number of rules (be they original

or interpolated) reaches a certain threshold, the rule base is regarded as a

large-sized one. In this case, rules are clustered first and the corresponding

conclusions are computed using the closest rules selected from a small number

of closest rule clusters. The interpolated rules are then, also integrated into the

rule base. Systematic experimental comparisons against the static approach

demonstrate that the proposed dynamic TSK system can both improve the

overall reasoning accuracy and reduce the interpolation overheads by extending

the rule base coverage.

The rest of this chapter is structured as follows. Section 6.1 briefly out-

lines the static TSK systems with a sparse rule base. Section 6.2 details the

framework of the dynamic TSK inference systems. Section 6.3 discusses the

results of comparative experimental evaluations. Finally, Section 6.4 provides

a summary of the work reported in this chapter.
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6.1 Static TSK Inference Systems

The overall procedure of static TSK inference system is presented in Fig. 6.1.

Due to the fact that the rule base is sparse, it is possible that a new observation

does not match any rule. Thus, the first step is to determine whether an

observation matches any rule in the sparse rule base. For the matched input

observations, the conventional TSK inference mechanism is fired to obtain

the conclusion; as for the unmatched ones, TSK interpolation approach will

be applied, using either KCR or CRC (which is purely for efficiency while any

alternative FRI mechanism, e.g., TSK+ (Li et al., 2018b), AutoRS (Chen et al.,

2019), may be employed if preferred). The details of the above approaches have

been presented in Alg. 1 (TSK models), Alg. 8 (KCR) and Alg. 9 (CRC),

respectively.

Figure 6.1: Inference process of static TSK fuzzy inference system
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6.2 Dynamic TSK Inference Systems

The workflow of the proposed dynamic TSK fuzzy inference system is shown

in Fig. 6.2. The system checks whether an input instance overlaps with any

rules in the sparse rule base at the beginning. If so, it applies the conventional

TSK inference mechanism to obtain the outcome. Otherwise, the FRI pro-

cess becomes active, with the size of the rule base being checked first. For a

sparse rule base of a small size, the KCR method is employed to generate the

consequent of the interpolated rule and compute the result by the obtained

polynomial. The antecedent of the interpolated rule is constructed by fuzzify-

ing the observation with fuzzy sets represented by the triangular membership

function. The complete interpolated rule is then directly inserted into the rule

base. When the number of rules, be they original or interpolated, reaches a

certain threshold, it becomes a large-sized rule base. For a rule base of a large

size, the CRC approach is applied to obtain the consequents of the interpolat-

ed rule for conclusion calculation. The interpolated rule is also added into the

rule base after integrating with antecedents. KCR and CRC methods will be

described in detail in subsequent sections, respectively.

In doing so, with the increase of the number of rules in the sparse rule

base, the overall system’s coverage will rise and the interpolation overheads will

reduce. The rule interpolation for dynamic systems and promotion processes

are detailed in the following, in relation to whether KCR or CRC is to be used.

Note that any of the five different clustering algorithms outlined in Section 2.3

(and indeed many other clustering methods if preferred) can be employed here

to perform rule clustering.

In this algorithm, it is assumed, without losing generality, that a sparse rule

base contains m rules (with each specified as per Eqn. 3.1) and an observation

O(B1, ..., Bn) are given.
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The conclusion computation and interpolated rule construction in support

of KCR procedure for sparse rule bases of a small size and CRC procedure for

large-sized sparse rule bases is detailed in Alg. 11 and Alg. 12, respectively.

6.3 Experimental Evaluation

In this section, the performance of the proposed dynamic TSK inference system

is experimentally compared against the static system over three benchmark

datasets. The datasets run include a nonlinear mathematical model and two

real-world datasets (Stock and Plastic (Guvenir et al., 2000)).

6.3.1 Experimental Setup

The necessary setting for conduction experimental studies is outlined in this

section, including the details of the three benchmark datasets, the criteria

for evaluating performance, the generation of the sparse rule bases, and the

parameters for implementing static and dynamic systems.

6.3.1.1 Three datasets used

(1) Polynomial Function: This dataset is produced by randomly sampling from

the following 3-dimensional nonlinear function:

F (x, y) = sin(
x

π
) · sin(

y

π
) (6.7)

This nonlinear function has been used to produce a benchmark dataset in (Li

et al., 2018b) and (Rezaee & Zarandi, 2010), and the random sampling method

has been frequently employed in the literature (e.g., (Li et al., 2017); (Bellaaj

et al., 2013)). Two thousand points are randomly sampled as the original

dataset, with the output domain being [-1, 1].
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Algorithm 11: FRI with KCR on small-sized sparse rule bases for dy-

namic TSK systems.

Input: Rule base {Ri}; time-dependent data stream O

Output: Interpolated conclusion f(O); interpolated rule R∗

1. Calculate overall Euclidean distance between representative values of

individual variables within observation and those of antecedent

variables for each given rule.

2. Select K closest rules by Quickselect algorithm (Hoare, 1961).

3. Calculate similarity between observation O and each of Ri that belongs

to set of selected K closest rules:

S(Ai1, B1), ..., S(Ain, Bn)

.

4. Determine weight of rule Ri: αi = S(Ai1, B1) ∧ ... ∧ S(Ain, Bn).

5. Integrate all K similarities to obtain a working interpolated rule with

following parameters for its consequent:

a0 =
ΣK
i=1αiai0
ΣK
i=1αi

, ...., an =
ΣK
i=1αiain
ΣK
i=1αi

(6.1)

6. Take observation O as input to consequent of interpolated rule such

that outcome is computed by f(B1, ..., Bn) = a0 + a1B1 + ...+ anBn

7. Construct n triangular fuzzy sets as antecedents of interpolated rule:

(B1 − ε, B1, B1 + ε), ..., (Bn − ε, Bn, Bn + ε) (6.2)

with ε being a small number (set to 0.01 in this chapter).

8. Add the interpolated rule into rule base.

R∗ : if x1 is (B1 − ε, B1, B1 + ε), ..., xn is (Bn − ε, Bn, Bn + ε),

then fi(x1, ..., xn) = a0 + a1x1 + ...+ anxn
(6.3)

9. Return: f(B1, ..., Bn); R∗.
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Algorithm 12: FRI with CRC on large-sized sparse rule bases for dy-

namic TSK systems.

Input: Rule base {Ri}; time-dependent data stream O

Output: Interpolated conclusion f(O); interpolated rule R∗

1. Cluster all rules into C different groups by their representative values.

2. Calculate Euclidean distance between observation and all cores of C

clusters and select K (K ≤ C) closest clusters.

3. Compute distance between observation O and each rule within each of

chosen K clusters.

4. Find closest rule Ri in each selected cluster as representative of that

cluster.

5. Determine weight of the rule Ri: αi = S(Ai1, B1) ∧ ... ∧ S(Ain, Bn).

6. Integrate all K similarities to obtain interpolated rule, with parameters

of consequent being:

a0 =
ΣK
i=1αiai0
ΣK
i=1αi

, ...., an =
ΣK
i=1αiain
ΣK
i=1αi

(6.4)

7. Take observation O as input to consequent of interpolated rule such

that outcome is computed by: f(B1, ..., Bn) = a0 + a1B1 + ...+ anBn.

8. Construct n triangular fuzzy sets as antecedents of interpolated rule:

(B1 − ε, B1, B1 + ε), ..., (Bn − ε, Bn, Bn + ε) (6.5)

with ε being a small number (set to 0.01 in this chapter).

9. Add interpolated rule into rule base.

R∗ : if x1 is (B1 − ε, B1, B1 + ε), ..., xn is (Bn − ε, Bn, Bn + ε),

then fi(x1, ..., xn) = a0 + a1x1 + ...+ anxn
(6.6)

10. Return: f(B1, ..., Bn); R∗.
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(2) Stock Dataset: This dataset concerns stock prices for ten aerospace

companies. The task is to predict the price for the 10th company given the

prices for the rest (Guvenir et al., 2000). The dataset consists of 950 instances

and 9 features (i.e., antecedent variables), with the output in the range of [34,

62].

(3) Plastic Dataset: This dataset contains 1650 instances and 2 antecedent

variables. The task is through regression to predict how much pressure the

plastic materials can hold according to their strength in different temperature

settings (Guvenir et al., 2000). The output values are in the domain of [10.0,

20.0].

6.3.1.2 Performance Evaluation Criteria

To enable thorough evaluation and fair comparison, 10× 5-fold cross-validation

is employed. Note that different from the traditional cross-validation method,

in the following experiments, to demonstrate the significance of the proposed

dynamic TSK system, one fold is employed as a training dataset while the

other four as testing data (or time-dependent data stream). The results are

evaluated with respect to the following two criteria: (i) the accuracy of the

computed consequents, in terms of RMSE (root-mean-square error, in relation

to the ground truth); (ii) the coverage of the rule bases, in terms of the per-

centage of the number of instances matching the rules out of the number of

instances in the whole testing set.

T-test is applied to detect whether there is any statistically significant

difference between the results of the dynamic and static systems. The cor-

responding null hypothesis is that the results obtained by the two types of

systems have no statistical difference. P-values represents the probability to

accept the null hypothesis. Thus, if the p-value is smaller than a predefined sig-

nificance level, the null hypothesis will be rejected, which indicates that there
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certainly is a significant difference between the results of the two systems. The

significance level is herein set to 0.005.

6.3.1.3 Sparse Rule Base Generation

In the present experimental study, a simple data-driven fuzzy rule base gener-

ation method is employed to create the rules. The instances in a given dataset

are firstly clustered into different categories through FCM. In general, FCM al-

lows a data point to belong to more than one cluster with different membership

values, in this work, for simplicity an instance is permitted to belong to two

clusters that involve the two largest membership values. As mentioned earlier,

rule antecedent variables take fuzzy values represented by triangular member-

ship functions. The three parameters of a triangular membership function are

implemented by the infimum, centre and supremum of the corresponding clus-

ter. The consequent of a rule, which is a polynomial, is then derived by the

popular linear regression approach as per the work of (Freedman, 2009).

6.3.1.4 Algorithmic Parameters

Throughout this initial experimental investigation, observations are regarded

as unmatched if the matching degree is less than 0.3 for all rules. Also, in

the following experiments, 20 rules created from the training sets constitute

the original fuzzy rule base. According to the experimental conclusion demon-

strated in Chapter 4, The threshold of the large size sparse rule base is at least

95 rules included in the rule base. Regarding KCR, the number of closest rules

K is empirically set to 3, and regarding CRC, the number of clusters C is set

to 10 with the number of closest rule clusters K set to 3.

Particularly, according to the results demonstrated in Chapter 4, Similarity-

DF leads to much improved outcomes than the other approach of rule weight

determination, and CRC supported by FCM and K-FCM outperform other
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approaches, while FCM is less affected by data distribution. Thus, for gener-

ality and effectiveness, the similarity measure is utilised to calculate the weight

of each selected rule and FCM is applied to perform rule clustering in CRC

procedure for the sparse rule base of a large size in subsequent experiments.

6.3.2 Results and Discussion

This section illustrates and analyses the results of systematic comparative ex-

perimental investigations over three benchmark datasets. As indicated previ-

ously, the results are discussed from the following three aspects: the accuracy

of the predicted conclusions (described by RMSE), the coverage of the rule

bases, and the difference between the systems (in terms of t-test).

6.3.2.1 RMSE

The average values and variances are utilised to describe the distribution of all

cross-validation results, as listed in Table 6.1. These results show that for all

these three datasets, the conclusions obtained by the proposed dynamic TSK

inference system has smaller errors and variances than those generated by the

static one. It indicates that the proposed dynamic system can produce both

higher accuracy and more stable results.

Examining more closely, together with the results of corresponding dataset-

s shown in Table 4.4 and 4.5, although the same approaches are adopted on

the same datasets, the accuracy of the static TSK system applied herein is

much lower. This is probably due to the utilisation of the modified 5-fold

cross-validation in the present research, which makes only one of five folds

instances employed to generate the initial rule base, resulting in the decline of

predicted accuracy.

To qualitatively visualise the strengths of the proposed approach, Fig.
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Table 6.1: Performance in terms of RMSE

Datasets Mean ± Variance

Dynamic Static

Nonlinear model 0.201±0.0155 0.235±0.0175

Stock Dataset 1.116±0.161 1.818±0.283

Plastic Dataset 1.536±0.107 1.617±0.164

6.3 illustrates how the inference results (represented by RMSE) change while

conducting the proposed dynamic TSK system over the stock dataset.

Figure 6.3: Model RMSE vs. number of rules K on proposed dynamic TSK
system.

6.3.2.2 Coverage of rule bases

Table 6.2 lists the coverage of the rule bases by running the dynamic and

static TSK inference systems. As reflected by these experimental outcomes,

113



more instances overlap with the rules in the dynamic rule base than those in

the static one. The dynamic system can gradually improve the coverage over

time as new rules are promoted and added into the rule base. Benefiting from

this, the dynamic TSK inference system avoids the need for interpolations

when new observations which are similar to those previously experienced are

presented, thereby reducing computational overheads.

Table 6.2: Performance in terms of coverage

Datasets Coverage

Dynamic Static

Nonlinear model 32.0% 26.0%

Stock Dataset 21.1% 15.7%

Plastic Dataset 36.4% 21.2%

Fig. 6.4 demonstrates how the coverage of the rule base promote while

conducting the proposed dynamic TSK system over the stock dataset.

6.3.2.3 T-tests

By examining the experimental results of t-tests as given in Table 6.3, it can be

seen that for all three datasets, the p-values are all smaller than the predefined

significance level (0.005). Thus, the null hypothesis that there is no statistical

difference between the results of the dynamic system and those of the static

one is rejected. From this, together with previous conclusions on accuracy

and coverage, it can be said that the proposed dynamic TSK inference system

significantly improves the performance of the static one.
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Figure 6.4: Model RMSE vs. number of rules K on proposed dynamic TSK
system.

Table 6.3: Experimental results on t-test

Datasets p-value Hypothesis (0.005)

Nonlinear model 1.613e-11 Reject

Stock Dataset 9.825e-8 Reject

Plastic Dataset 4.27e-3 Reject

6.4 Summary

This chapter has presented an initial investigation into a novel dynamic TSK

inference system suitable for working with sparse rule bases. Systematic com-

parative experimental results have demonstrated that compared to the existing

static TSK inference approach, the proposed system increases the overall rea-

soning accuracy while being able to decrease the interpolation overheads by

avoiding the need for interpolations for observations similar to those experi-

enced.
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The presented work iteratively add the newly interpolated rule into the

existing rule base. However, it may make the rule base overly complicat-

ed, incurring significant computational overheads in any subsequent rule-firing

process. Introducing an approach to refine the dynamically enriched rule base

remains a challenge. The idea from D-FRI which is clustering and merging

such interpolated rules on Mamdani models may help to resolve this problem.
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Chapter 7

Conclusion

This chapter concludes the thesis. First, a summary of the research presented

in this thesis is given, which also re-states the contributions made from the

study. Secondly, possible future work is outlined, including several further

developments for FRI techniques for static and dynamic systems.

7.1 Summary

The core works presented in this thesis are a novel approach with two imple-

mentations suitable for performing FRI with static and dynamic TSK fuzzy

inference models. The proposed techniques not only avoid adverse impact

caused by the rules of low similarities and undesirable bias but also help sig-

nificantly reduce the computational overheads of the inference process. Partic-

ularly, the utilisation of clustering algorithms resolves the problem of lacking

diversity of rules for interpolation caused by the situation where a large-sized s-

parse rule base is present. Meanwhile, the interpolated rules discarded by FRI

approaches are further exploited to support promoting rule bases and con-

structing dynamic TSK systems. The following summarises the main works of

the previous chapters from two viewpoints.
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7.1.1 Static TSK Systems Supported by FRI

The proposed FRI approach for TSK models extends its capability to perform

TSK models on sparse fuzzy rule bases while entailing the generation of more

accurate interpolated results. It resolves limitations of existing FRI approach-

es in the literature. The proposed approach provides two implementations:

(i) the innovative KCR algorithm for models involving small-sized sparse rule

bases, which only involve a small number of closest rules to derive precise in-

terpolation; (ii) the novel CRC algorithm for models with a large-sized sparse

fuzzy rule base, which first categorises the rules into groups with a cluster-

ing procedure and then, utilises the closest rule from each of a small number

of the resulting rule clusters to perform the interpolation. The proposed im-

plementation for the second method is systematically evaluated using several

different clustering techniques as alternatives for rule clustering tasks. Inter-

estingly, it is observed that the distribution of rule bases has an significant

influence on the final result calculation, which forms another piece of active

research. Systematic experimental studies over a range of benchmark datasets

have demonstrated the efficacy of both implementations.

Furthermore, to investigate the practicability of the proposed FRI ap-

proach in real-world applications, this thesis presents a status monitoring sys-

tem for the water treatment plant. The missing values in the datasets are

estimated using KCR-supported TSK models. The experimental results indi-

cate that this novel approach have such capability to perform missing value

imputation and derive a more accurate classification system with more in-

stances.
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7.1.2 Dynamic TSK Systems Supported by FRI

Given the proposed FRI approach and inspired by the aforementioned D-FRI

(Naik et al., 2017b), a novel dynamic TSK inference system suitable for work-

ing with sparse rule bases is established. With the support of the information

contained in the interpolated rule discarded by FRI approaches, the proposed

dynamic system conduct reasoning by constructing interpolated rules and iter-

atively integrating the rules into a rule base. Compared to the existing static

TSK inference approach, the proposed system increases the overall reasoning

accuracy and decreases the interpolation overheads by avoiding the need for

interpolations for observations similar to those experienced.

7.2 Future Work

The works proposed in this thesis offer many opportunities for further devel-

opment. This section points some of these opportunities for future research.

Particularly, several attempted methods to implement FRI for TSK models in

this project are briefly introduced. Although they may not draw satisfactory

conclusions under the present circumstances, these methods have the potential

to resolve practical problems in future development.

7.2.1 Adaptive Rule Selection for FRI

The adaptive FRI is one of the methods attempted in this thesis to support FRI

for TSK models to deal with high-similarity issues where a large-sized sparse

rule base is present. The underlying principle is to cluster rules according to

their distance to the unmatched observation. It works by clustering rules into

three categories based on their distance to the observation: strong, medium

and weak. The strong rule set is the closest one. The nearest to the observation
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rule within each cluster is then selected for use as an element of the set of K

closest rules. In so doing, the closest rules with high similarity are divided into

the same categories and the diversity of rules used for interpolation is extended.

In addition, distinct rule clusters are generated for individual observation,

which provides the potential to conduct reasoning in real-time systems. An

example of a relevant rule-clustering procedure is illustrated in Fig. 7.1.

Figure 7.1: Example of rule clustering process in adaptive FRI approach.

Whilst being an applicable method, this attempt may wrongly cluster the

closest rules which are not similar in the strong rule set. Therefore, these

rules can not contribute to the final conclusion. The utilisation of the rules

in medium and weak rule sets also violates the principle that the interpolated

conclusion is mainly determined by its neighbour. Moreover, the distance

based rule clustering method breaks the underlying similarity relation between
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the rules.

Although this attempted approach does not perform well in practice, it

inspires the implementation of the rule clustering approach as indicated previ-

ously and provides the potential to conduct FRI adaptively to solve real-time

problems. Furthermore, when big data is involved, this method may also be

used for preliminary screening to select the rules relevant to the interpolation,

rather than using the whole rule base directly.

7.2.2 Weighted FRI for TSK models

In the present implementations and most conventional FRI mechanisms, all an-

tecedent variables are treated equally. This is a strong assumption in practical

applications, often leading to less accurate interpolated results. How weight-

ed representations as per the most recent work of (Li et al., 2018a)(Li et al.,

2020) may be extended to accommodating interpolation with TSK models

forms another interesting piece of active research. The work exploits attribute

ranking approaches to help determine the relative importance of attributes

(represented by rule antecedents) in a sparse rule base and then enable sys-

tem integration of the individual attribute weights with the corresponding

FRI methodologies. The attribute ranking approaches have been successfully

applied in feature selection (FS) tasks, including the supervised attribute eval-

uation methods such as information gain (Mitchell, n.d.)(Shannon & C., 2001),

Relief-F (Kononenko, 1994), and fuzzy-rough set based FS (Jensen & Shen,

2007)(Jensen & Shen, 2004), and unsupervised ones like local learning-based

clustering for FS (Hong & Cheung, 2011) and Laplacian score (He et al., 2005).

The effectiveness and applicability of the weighted representations have been

proven in practical applications (Li et al., 2020) (Li et al., 2020). Note that

the above-mentioned supervised approaches are for dealing with classification

problems using Mamdani models.
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In this attempted approach, one of each supervised and unsupervised

method is applied to implement attribute weight determination for TSK sys-

tems, which are information gain for regression (used in decision tree C4.5)

and Laplacian score (He et al., 2005). The corresponding weight integrated

distance, which is also defined as the following:

d(Ri, O) =
√

ΣN
j=1(wi(Rep(Aj)−Rep(Bj)))2, s.t.ΣN

j=1wj = 1 (7.1)

Although systematic comparative experimental results indicate that nei-

ther implementations of the attempted approach can not obtain a better con-

clusion, discovering integration methodologies distinct from the one employed

in Mamdani models to extend the attribute weight to support the FRI for TSK

models forms an interesting piece of active research.

7.2.3 Representative of Rule Clusters

Moreover, in each selected rule cluster, the rule closest to the observation is

regarded as the representative for subsequent interpolation because it contains

most of the underlying information relevant to the desired conclusions. In

general, the rule closest to the cluster centre or the rule intergraded by all rules

in the same cluster is considered to include the main consensus information of

the group. However, systematic experiments demonstrate that the proposed

method outperforms these two implements. Thus, finding a representative of

each cluster applicable to every observation forms another interesting task in

future research that may help further reduce computation overheads.
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7.2.4 Advanced Clustering Algorithms

In the present work, only five clustering methods are considered to support the

CRC approach. They may not generate the most appropriate categories for all

situations. It is worth to investigate whether performance may be reinforced if

more extensions of fuzzy clustering mechanisms are used as an alternative (e.g.,

the global fuzzy c-means (Wang et al., 2006); the possibilistic fuzzy c-means

(Pal et al., 2005)). More advanced clustering methods (e.g., (Boongoen et al.,

2011); (Pan et al., 2017)) may help even more. For example, fuzzy clustering

by local approximation of membership (FLAME) (Fu & Medico, 2007) utilis-

es neighbourhood density for each object to support fuzzy clustering, which

makes the final results more stable and accurate than the conventional FCM.

Moreover,because the object with the highest density among its neighbors is

identified as the cluster centre, FLAME also provides a novel mechanism to

determine the representative of rule clusters.

7.2.5 Automated Parameter Selection

Currently, the specification of the required algorithmic parameters, such as the

number of closest rules and that of the nearest clusters, is another interesting

point. Currently, these parameters are empirically set manually. Introducing

an automated way to decide on these parameters from the training data re-

mains a challenge. Also, AutoRS offers a means for automated selection of the

number of closest rules for interpolation. How it may be integrated with the

proposed approach to minimise human intervention is worth investigating.

7.2.6 Candidate Rule Integration

Last but not least, the proposed FRI approach for dynamic TSK systems

repeats itself whenever a new unmatched observation is interpolated and all
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newly interpolated rules are added to the existing rule base directly. However,

it may not be completely necessary to add all such interpolated rules as many

of them may be clustered and merged as done in the D-FRI work. One possible

solution is that if the interpolation process repeats a certain number of times

in a certain region, this region will be identified as a frequent region. All

candidate interpolated rules in the frequent region will be merged into a new

rule according to their distance to the region centre. The obtained rule is

deemed to be the representative of the region and added into the rule base.

This may help simplify any subsequent rule-firing process without making a

rule base overly complicated.
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Appendix A

Publications from Thesis

A number of publications have been generated from the research carried out

within this PhD project. The resultant publications that are in close relevance

to the thesis are listed following, including three published papers and three

journal publications currently under review.

1. Pu Zhang, Changjing Shang and Qiang Shen. “Fuzzy Rule Interpola-

tion with K-Neighbours for Takagi-Sugeno-Kang Models.” Accepted for

publication by IEEE Transaction on Fuzzy Systems.

2. Pu Zhang and Qiang Shen.“Missing Value Imputation by TSK Models

for Water Treatment.” Under review for journal publication.

3. Pu Zhang and Qiang Shen.“Dynamic Takagi-Sugeno-Kang Systems with

Sparse Rule Bases” Under review for journal publication.

4. Pu Zhang and Qiang Shen. “Dynamic TSK Systems Supported by

Fuzzy Rule Interpolation: An Initial Investigation.” in 2020 IEEE World

Congress on Computational Intelligence (WCCI). Being selected as one

of finalists in WCCI 2020s Best Student Paper Awards.

5. Pu Zhang and Qiang Shen. “A Novel Framework of Fuzzy Rule In-

terpolation for Takagi-Sugeno-Kang Inference Systems.” in 2019 IEEE

International Conference on Fuzzy Systems (FUZZ-IEEE).
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6. Mou Zhou, Changjing Shang, Pu Zhang, Guobin Li, Shangzhu Jin, Jun

Peng and Qiang Shen. “Towards Rule-ranking Based Fuzzy Rule In-

terpolation.” in 2021 IEEE International Conference on Fuzzy Systems

(FUZZ-IEEE).
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Appendix B

List of Acronyms

ANFIS Adaptive Neuro-Fuzzy Inference System

AutoRS Automated Rule Selection

COG Centre of Gravity

CRC Interpolation with K Closest Rule Clusters

CRI Compositional Rule of Inference

DF Distance Factor

D-FRI Dynamic Fuzzy Rule Interpolation

EM Expectation Maximization

FCM Fuzzy C-means

FLAME Fuzzy clustering by Local Approximation of Membership

FRBSs Fuzzy Rule-Based Systems

FRFS Fuzzy-Rough Feature Selection

FRI Fuzzy Rule Interpolation

GA Genetic Algorithm

GMM Gaussian Mixture Models
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GRBF Gaussian Radial Basis Function

LLE Local Linear Embedding

KCF Interpolation with K Closest Rules

K-FCM Kernel Fuzzy C-means

KH Kczy and Hirota (Linear Fuzzy Rule Interpolation )

RCFCM Rival Checked Fuzzy C-means

RIA Rule Induction Algorithm

RMSE Root Mean Square Error

RSS Residual Sum of Squares

S-FCM Suppress Fuzzy C-means

SSE Sum-of-squares Error

SVM Support Vector Machine

T-FRI Scale and Move Transformation-based Fuzzy Rule Interpolation

TSK Takagi-Sugeno-Kang

TSK+ TSK inference extension
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